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ABSTRACT 


An attempt is made to present a consistent detailed theory of optical 
phenomena, based on the suggestion recently made by the author in collabora- 
tion with Bohr ond Kramers. This suggestion is that atoms are radiating or 
absorbing continuously, during their stationary states, and that transitions 
influence radiation only in terminating the radiation characteristic of the old 
state, and substituting that of the new. The atoms, on the other hand, are 
supposed not to change their energy while radiating, but to change it discon- 
tinuously on transition. This necessitates giving up the detailed application 
of the conservation of energy in interaction between atoms and radiation. 
In the present paper, an additional suggestion is made, namely that resonance 
radiation is to be identified with the radiation carried out by the spherical 
wavelets which, by their interference with the external field, also produce 
absorption. This is practically a return to the classical picture of resonance 
radiation. Statement of the theory consists formally of two parts: the description 
of the behavior of atoms, and of radiation, when the two interact. The first 
involves the statement of the probabilities of transition of atoms, and is taken 
without change from Einstein. The probability of interruption of coherent 
vibrations is also discussed. The second requires the specification of the 
fields emitted by atoms in any steady state under the influence of any external 
field. These consist of spherical wavelets of the frequencies of the various 
quantum lines which the atom can emit or absorb in the stationary state in 
which it is. For emission frequencies, wavelets are emitted even in the absence 
of an external field; for absorption frequencies, external fields induce wavelets, 
similar to the wavelets of linearly bound electrons in electron theory, which 
on the one hand interfere with the external field to produce the phenomena of 
dispersion, etc., and on the other carry out the resonance radiation in all 
directions. Detailed descriptions of these fields are given. In a discussion of 
the theory, it is first shown that the assumptions which have been made about 
the field satisfy the correspondence principle, in that for large quantum numbers 
the field aproaches that which would be emitted classically on account of the 
interaction of an external field and a multiply periodic atom. On the other hand, 
it is shown that the field has a character essentially like that of classical electron 
theory, which is known to be in general agreement with experiments. Next, 
the energy and momentum relations at interaction of atoms and light are 
investigated, and it is shown that, although these quantities are not precisely 
conserved, still the assumptions as to atomic and radiation processes have 
been so made that they are conserved on an average over a great number of 
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atomic processes. Finally the spectral resolution of emitted and absorbed 
radiation is considered; the theory gives a minimum breadth for the lines, de 
pending on the finite length of wave trains resulting from the finite life in 
stationary states, and it is shown that Kirchhoff's law is obeyed, the emission 
and absorption lines being of the same breadth. By way of illustration, specific 
application of the theory is made to the simple exarples of emission of light by 
bombardment of electrons at the resonance potential, resonance radiation, its 
quenching by presence of foreign gases, absorption, scattering, and dispersion. 


lL. INTRODUCTION 


HE widespread feeling that the quantum theory of atomic structure 

and the electromagnetic theory of light are inconsistent with each 
other has tended to divide physicists into two opposing sections. Some, 
in their enthusiasm for the quantum theory, are willing to overlook the 
phenomena of optics; while others consider that the quantum theory 
is discredited by its failure to deal with optical problems. Such an un- 
fortunate condition has naturally inspired many attempts to harmonize 
the two branches of theory. It has appeared from those attempts that 
the supposition of exact conservation of energy and momentum in atomic 
processes has been at the root of the difficulties. For in the quantum 
theory the energy of atoms must change by jumps; and in the electro- 
magnetic theory the energy of a radiation field must change continuously. 
Once it is supposed that the total energy is the sum of the atomic energy 
and of the energy in some sort of radiation field, and that this total energy 
is conserved, there results the impossible situation that the sum of two 
quantities, one changing discontinuously and the other continuously, 
must be constant. 

Two paths of escape from this difficulty have been followed with more 
or less success. The first is to redefine energy ; the second to discard con- 
servation. If atomic energy is to change discontinuously, then for con- 
servation the energy of the field must change discontinuously also, and 
the idea that the energy of the field exists in discrete particles immediately 
presents itself. Einstein by his introduction of quanta of energy traveling 
through space has been the principal exponent of this first method. 
Optical theory on such an interpretation would be a set of laws telling 
in what paths the quanta travel; for these laws would determine how 
often an atom in any point of space would be struck by a quantum, and 
this is immediately connected with the strength of illumination at that 
point. A beginning of such a theory has been made by Duane,! who has 


suggested relations determining the deflection of quanta passing through 


1W. Duane, Proc. Nat. Acad. Sci. 9, 158 (1923), See also G. Breit, Proc. Nat. 
Acad. Sci. 9, 238 (1923). 
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diffraction gratings or crystals. A method of procedure somewhat more 
natural than Duane’s would be to take advantage of the fact that the 
electromagnetic theory gives reasonable results, and to set up a sort of 


ghost field, similar to a classical! field, whose function was in some way 


to guide the quanta. For example, the quanta might travel in the 
direction of Poynting’s vector in such a field. The author was at one time 
of the opinion that this method was the most hopeful one for solving 
the problem. But any theory based on discrete quanta has the one 
fundamental disadvantage that it must find a substitute for wave theory 
even in explaining the nature of light itself, which the wave theory is 
perfectly competent to deal with. Such a theory must inevitably face 
the charge of lack of economy, since it introduces superfluous mechanism. 

The other direction of escape from the conflict between quantum 
theory and wave theory has been to retain intact the quantum 
theory and as much of the wave theory as relates to the field, but to 
discard conservation of energy in the interaction between them. This 
is the point of view of Darwin’ in a theory of dispersion which he put 
forward, but which, it is understood, he no longer defends. Darwin 
assumed that by the passage of light over an atom, the atom acquired a 
probability of sending out a spherical wave train to interfere with the 
external light, the probability depending on the strength of the incident 
light. By the cooperation of many of these interfering trains, the familiar 
phenomena of dispersion could be explained. The reason why such a 
theory cannot be right is that, in very weak light, only a very few atoms 
would be induced to send out wave trains, and these would not be enough 
to interfere properly ; whereas it is known experimentally* that interfer- 
ence patterns can be obtained with weak light as well as with strong. 
In addition to Darwin’s theory, there have been other attempts to treat 
the radiation field of quantum atoms by classical methods. Bohr* has 
suggested that atoms must become sources of spherical wavelets when 
external radiation strikes them. Ladenburg and Reiche’® have given 
formulas for dispersion based essentially on the idea of such spherical 
wavelets. Neither of these suggestions has, however, gone as far as 
Darwin’s theory in setting up a mechanism for the interaction between 
waves and atoms. 


> C,G. Darwin, Nature 110, 841 (1922); Proc. Nat. Acad. Sci. 9, 25 (1923). 
G. Ll. Taylor, Proc. Camb. Phil. Soc., 15, 114 (1909), 
* N. Bohr, Zeits. f. Phys., 13, 117 (1923) 


* Ladenburg, Zeits. f. Phys. 4, 451 (1921); Ladenburg and Reiche, Naturwissen- 
schaften, 11, 584 (1923) 
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An attempt was made by the writer, in a note to Nature, enlarged upon 
in collaboration with Bohr and Kramers,* to contribute slightly to the 
solution of these difficulties. In the present paper, the suggestions made 
in those papers are developed into a more specific theory. The views 
suggested there had foundations similar to those of Darwin, and of 
Ladenburg and Reiche. It was supposed that energy was of two kinds, 
the continuously changing energy of the field and the discontinuously 
changing atomic energy, and that there was no exact conservation, but 
only a statistical conservation, so that the average rate of decrease of 
radiation energy would equal the average rate of increase of atomic 
energy, or vice versa. It was assumed that atoms under the influence of 
external light were induced to send out spherical wavelets of light, much 
like those sent out by the oscillators of Ladenburg and Reiche and not 
entirely dissimilar to Darwin's, and that those spherical wavelets inter- 
fered, giving the phenomena of dispersion, interference, etc. In addition, 
it was supposed that excited atoms emitted wavelets even in the absence 
of a field, to account for luminous radiation. 

None of these points, as we have seen, was particularly original. But 
there was one suggestion in the paper, essentially new, which appeared 
to afford a more reasonable picture of optical phenomena than we had 
previously had. That was the suggestion that the wavelets sent out by 
an atom in connection with a given transition were sent out, not as a 
consequence of the occurrence of the transition, but as a consequence 
of the existence of the atom in the stationary state from which it could 
make that transition. On this assumption, the stationary state is the 
time during which the atom is radiating or absorbing; the transition from 
one state to another is not accompanied by radiation, but so far as the 
field is concerned, merely marks the end of the radiation or absorption 
characteristic of one state, and the beginning of that characteristic of 
another. The radiation emitted or absorbed during the stationary state 
is further not merely of the particular frequency connected with the 


transition which the atom is going to make; it includes all the frequencies 


connected with all the transitions which the atom could make. Then the 
atom is under no necessity of knowing what transition it is going to make 
ahead of time. In particular, the atom during a stationary state is 
supposed to be spontanceusly emitting radiation of the various fre- 
quencies connected with transitions to states of lower energy, and to be 
capable of absorbing radiation connected with transitions to states of 


* J. C. Slater, Nature, p. 397, 1924; Bohr, Kramers, and Slater, Phil. Mag. 47, 785 
1924); also Zeits. f. Phys. 34, 69 (1924 
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higher energy. Further, a ‘‘negative’’ absorption is assumed, similar to 
the ordinary absorption, but resulting in increase rather than decrease 
of the energy in the external field, and with frequencies corresponding 
to transitions to states of lower energy. Although the atom is radiating 
or absorbing during the stationary states, its own energy does not vary, 
but changes only discontinuously at transitions, as has always been 
supposed. It is quite obvious that the mechanism becomes possible only 
by discarding conservation. 


The suggestion just described was of value in two different ways. In the 


first place, it furnished an immediate solution of the difficulties concerning 
dispersion and absorption by weak light. For all the atoms, in an ordinary 
substance, are in the normal state, and hence take part in absorption of 
radiation. Then the number of wavelets cooperating to produce the 
effect would be as great for weak light as for strong. In the second place, 
the suggestion makes possible a much more definite picture of the process 
of interaction of light and atoms, in time and space, than had been 
possible before. Light is emitted or absorbed in a perfectly definite time— 
the stationary state. In particular, this provides for a theory of the 
breadth of spectral lines, since that depends on the length of coherent 
wave trains, or the length of time during which the atom emits a train. 
It must be admitted that a theory of the kind suggested has unattractive 
features; there is an apparent duplication between the atoms on the one 
hand, and the mechanism of oscillators producing the field on the other. 
But this duplication seems to be indicated by the experimental facts, 
and it is difficult at the present stage to see how it is to be avoided. 
Although the suggestions of the previous paper appeared to help 
considerably in the task of making a consistent radiation theory, there 
was one point in which the problem remained in a rather unsatisfactory 
-tate. In the quantum theory, the emission and absorption of radiation 
have been considered as completely separated acts, while in classical 
theory they are combined into essentially a single process. It did not 
ippear in the previous paper how these two quite different points of view 
ould be combined. The difficulty appears only when light of a particular 
'requency is being simultaneously absorbed and emitted by a group of 
itoms. This includes the problems of scattering and of resonance radia- 
tion. In the quantum theory of resonance radiation, it has been supposed 
‘hat atoms in their normal state could absorb energy, and pass to the 
excited state; then after a certain time in the excited state they re-emit 
he energy, just as they would emit it if they had been excited, say, by 
lectron impact, and thus return to their normal state. Translated into 
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the language of the present theory, this assumption would be that the 
atoms in the nermal state emit wavelets which weaken the external field, 
while those in the excited state spontaneously emit wavelets of large 
intensity, just as if they were excited by impact, these wavelets forming 
the resonance radiation. In the classical theory, on the other hand, 
bound electrons are set into oscillation by the radiation field and emit 
wavelets which on the one hand interfere with the field and weaken it, 
producing the phenomena of absorption, while on the other hand, simply 
by virtue of being wavelets, they carry out radiation which is the 
scattered or resonance radiation. The connection of the two phenomena 
is inherent in the field equations, not merely in the assumptions of the 
classical theory as to the interaction of atoms and light. This connection 
must then be assumed if we are to retain the present theory, which is 
based on the field equations; and yet this is contrary to the quantum 
assumptions. 

When we examine the difficulty presented here, we see that the 
assumed conservation of energy is again the cause of the trouble. The 
reason why we wish the emission to take place during the excited state 
and the absorption during the normal state, is simply a survival of the 
more restricted desire to have the emission take place at the transition 
from the excited to the normal state, the absorption at the transition 
from the normal to the excited state. But we are giving up exact con- 
servation, and no reason remains why we should not assume that res- 
onance radiation is emitted, not in the excited stationary state before 
the atom has its transition back to the normal state, but in the normal 
state just preceding that, before the atom is raised by resonance to the 
excited state. We shall now make this assumption, removing the necessity 
of separating the acts of emission and absorption, and returning es- 
sentially to the classical picture of resonance radiation. 

If resonance radiation is emitted by atoms in the normal state, it 
follows that the atoms which are raised to the excited state by resonance 
do not radiate spontaneously any light of the resonance frequency, as 
they would if they were brought to that state by some other agency. 
We are then under the necessity of distinguishing those atoms that are 
brought to an excited state by resonance from those that are brought 
there by some other agency, and endowing the latter with a spontaneous 
radiation which the former do not possess. It should be clearly under- 
stood, however, that it is only spontaneous radiation of the resonance 
frequency which atoms brought to the excited state by resonance must 


be supposed not to possess; they have spontaneous radiation of all the 
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other frequencies which an atom brought to the excited state by impact 
would have. And also they are supposed to be capable of ‘‘negative’”’ 
absorption at the resonance frequency, as well as at other emission 
frequencies, so that they radiate some small amount of energy of the 
resonance frequency in this way; but we shall see that this is no greater 
than the energy radiated by each atom in the normal state. 

One advantage of this picture of resonance radiation over the usual 
one is that it furnishes an explanation of the possibility of strong polar- 
ization of resonance radiation. This explanation is precisely that of the 
classical theory; the dipoles which produce the radiation are all called 
into play by the field, and vibrate in the direction of the electric vector 
of the field. This phenomenon, on the other hand, is extremely difficult 
to understand on the more usual interpretation. 

On the basis of the assumption made in the previous paper concerning 
the emission of radiation during stationary states, and the present 
further assumption about the emission of resonance radiation during the 
normal state, it is possible to arrive at a complete and detailed picture of 
the interaction of radiation and atoms. Such a picture will be presented 
in this paper, in numerical detail. Although of course there may be many 
things about such a detailed theory which will turn out to be wrong, still 
it seems of considerable interest to know that the ideas presented here 
can be carried through consistently. The picture in the first place 
satisfies the primary requirements that all actions take place in time 
and space as we ordinarily think about them, and that the behavior 
outside the atom is described by Maxwell’s equations, while the atom is 
described according to the theory of energy levels. But there are further 
conditions which the theory must meet. It must lead to optical results 
similar to the classical theory, for this is known to be empirically true. 
(In the other hand, it must lead to formulas which satisfy the cor- 
respondence principle; the recent papers of Kramers’ and of Van Vleck* 
show how this is to be done. 

Finally, and most important, the probabilities of transition, and the 
iwhavior of the field, must be so related that energy and momentum are 
conserved on the average, in spite of the lack of exact conservation. 
\nd they must be so related that, in thermal equilibrium, the atomic 
energy distribution will be Boltzmann’s, and the radiation energy dis- 
tribution will be Planck’s. In the next section we shall state the theory 
which is being suggested. Then there will be a section in which it will 


"H. A. Kramers, Nature, May 10 1924, p. 273; Aug. 30 1924, p. 310. 
‘J. H. Van Vleck, Phys. Rev. 24, 330 (1924) 
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be shown that this theory satisfies all the various requirements enumer- 
ated above. Finally, we shall give a section with a number of examples 
of the application of the theory in important particular cases.° 


Il. STATEMENT OF THEORY 


Probabilities of transition of atems. Consider the energy levels and 
transitions of an atom. By Bohr’s frequency condition, we associate 
with every transition between two energy levels 7 and j a frequency 
v;,;=v,);, given by the equation hy;;=|E,—E;, where E; and EF; are the 
energies in the two states. By Bohr’s correspondence principle, we 
associate also with each transition a certain amplitude D;;=D;;, which 
is some sort of mean of the amplitude of a certain harmonic in the actual 
motion of the atom, taken by a method not yet known for motions inter- 
mediate between the initial and final states of the atom. This amplitude 
is supposed to be connected with the probability of transition, or with 
the intensity of emitted or absorbed light. In particular, if Dj; is zero, 
the transition does not take place. These two constants, v;; and D,;, for 
each transition, are the only atomic constants which enter into the theory 
of the interaction of the atom with light. 

Let us now fix our attention on an atom which enters a_ particular 


stationary state 7, at a particular instant. We assume, following Ein- 


stein,!® that as soon as it enters the state, it acquires separate probabilities 


* Since this paper was written, my attention has been called to a recent paper by 
R. Becker (Zeits. f: Phys. 27, 173, 1924), treating similar problems by somewhat similar 
methods, and based also on the assumptions of the paper by Bohr, Kramers, and the 
author. In several important points, Becker's treatment differs fundamentally from 
that of the present paper. The most important of these is the matter of resonance 
radiation, on which a new assumption is made in the present work. Becker supposes 
that the probability of forced transition is compensated, not by the term (E:p) alone 
in the interaction of external radiation and the forced oscillators, but by the whole 
quantity 2(p)?/3c°+(E-p) for these oscillators, the first part of which we identify with 
resonance radiation. On account of the two signs in the second term, one for the positive 
and one for the negative oscillator, these quantities have different magnitudes for the 
two oscillators; and Becker is under the necessity of choosing different p’s for them, in 
order to secure conservation of energy, thereby losing his connection with the corre- 
spondence principle except in the limiting case where the resonance radiation can be 
neglected. Further, although he does not calculate it, his assumptions do not appear to 
satisfy the conservation of momentum, except again in the limiting case where resonance 
radiation is negligible. In the question of broadening of spectral lines, Becker agrees 
with the present work in making the broadening depend symmetrically on the properties 
of the two states; but his methods do not lead to such a definite theory of broadening 
as is given here, and he does not make the connection with probabilities of interruption 
which is at the basis of the present work. 

10 A, Einstein, Phys. Zeits. 18, 121, 1917. 
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for having transitions to each of the other stationary states of which the 
atom is capable. In particular, it acquires a probability A ;.,dt of having 


a transition in time dt to each state j of lower energy, where" 


A ry ee 16m'y; e?D; ; ‘3c8h . (1) 


We shall call this the probability of a spontaneous transition, or of 
spontaneous emission. Next, it acquires an additional probability of 
transition to any state j of either higher or lower energy, if there is an 
external radiation field present whose spectrum includes energy in the 
neighborhood of the frequency »;;. In particular, if the specific energy 
density is independent of frequency through a small region of frequencies 
about »;; (that is, as we shall later see, if it is constant over the absorption 
line) and equals p(»;;), the probability of transition to state j in time dé 
will be assumed to be B;. ;p(»;;)dt, where 


B;.;= 22D; ;?7/3h* . (2) 


If p(v) is not independent of v, the expression for this part of the prob- 
ability will be assumed to be of the form 


S B;.(v) p(v)dvdt , (3) 


where B;.;(v) is a function of v of the nature of an absorption curve, 
with a sharp maximum at vy=»;,and such that / B;.;(v)dv=B;.;. The 
precise formula for B;.;(v) will be given later, in (12). Then in the 
particular case where p(v) =a constant =p(v;;), we can take it out of the 
integral in (3), and arrive at the formulation first given. The kind of 
transition contemplated in (3) will be called a forced transition. If it is 
a transition to a state of higher energy, it will be called forced absorption, 
or merely absorption; if it is to a state of lower energy, it will be called 
forced emission. In addition to these probabilities of transition, the atom 
in the 7th state may be subject to collisions which can result in a change 
of stationary state, We may write the probability of such successful 
collision in time dt, resulting in a transition to state j, as K;.,dt. Ifjisa 
state of higher energy than 7, the collision will be one of the first kind; 
if j is of lower energy, it will be of the second kind. The quantity K;.,; 
must be supposed to depend both on the number of particles per unit 
volume which are capable of colliding successfully with the atom in 
question, and which consequently possess the proper energy; and on the 
specific properties of the atom. No attempt will be made at present to 
evaluate this quantity. 


‘' The formulas given for A;.; and B;.; in terms of Djj and »j; come directly from 
‘he correspondence principle, and have often been derived. 
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All of the probabilities enumerated above are supposed to operate 
simultaneously and independently. We shall denote by P;.; the total 
probability for a transition from state 7 to state j in unit time. Then we 
have 

Py; =(Ay.; or O) +S By. (v) p(v)dv+ Ky.; , (4) 
where the notation (A;.; or 0) means that the term A;.; is present if 
the state j is of lower energy than the state 7, but not in the opposite case. 
We shall further denote by P; the total probability of a transition from 
state 7 to any other state in unit time. Then 

P;= > ()Pi.;, (5) 
the summation being over all j’s. 

Probability of interruption of coherent vibrations. The radiation field 
emitted by an atom will be described by giving the electrical moment or 
polarization of an oscillating dipole, from which the field of the atom can 
be computed by the Hertz solutions of the field equations. It will be 
assumed that this polarization, which we shall denote by /;, is the sum 
of a number of partial polarizations, p;.;, each connected with a separate 
transition to another state 7, the natural frequency of the partial polariza- 
tion ~;.; being v,;. This analysis of the total polarization into a number 
of partial polarizations is analogous to the analysis of the actual multiply 
periodic polarization of the atom into a number of terms, one for each 
harmonic present in the motion. We shall speak of a term /;.; as an 
oscillator. An oscillator can consist of two parts, (1) a spontaneous part, 
independent of the external field, present only when the energy of 
state j is less than that of state 7, and when the atom was not raised to its 
state 7 by resonance radiation of frequency »;;, and (2) a forced part, 
similar to the oscillation of a bound electron under the action of an 
external field on classical theory, and with the same sign as in classical 


theory if the state j has greater energy than i, but with the opposite sign 


if state j has less energy. These parts of the oscillator will be referred 
to as the spontaneous oscillator, and the positive and negative forced 
oscillators. We now wish to consider the length of time during which the 
vibrations of the oscillator p;.; remain coherent. This determines the 
inherent breadth of spectral lines; and, taken in connection with Doppler 
effect, etc., it determines the observed breadth. 

An atom in the ith state has a probability P; of suffering in unit time 
a transition, after which of course it will no longer be in the ith state. 
Thus there is a probability P; that the vibrations of each of the oscillators 
p:.; will simultaneously cease. But we shall assume that, in addition to 
this probability P; of ceasing its oscillation altogether, each oscillator 
pi.; has also an independent probability P; of suffering an interruption, 
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in which it ceases its oscillation as if it were leaving the state, but im- 
mediately begins again as if it were entering the same state. This term 
P, is the same as the probability that an atom in the jth state will leave 
that state. It is thus different for the various oscillators p;.; of the state 
i connected with different j’s, so that the interruptions of this kind come 
at different times for different oscillators. Each oscillator may be 
interrupted a number of times in the course of a stationary state. The 
combined probability that an oscillator p;.; will suffer either an interrup- 
tion or a complete cessation is the sum, P;+P;. Either an interruption 
or a cessation is supposed to result in a complete breaking off of coherence 
in the emitted radiation. On the other hand, the coherence is supposed 
to be perfect in the time between these interruptions; spontaneous 
oscillators vibrate exactly sinusoidally, and forced oscillators act like 
bound electrons with no damping, so that the whole lack of coherence 
in the radiation arises from the interruptions, and the finite length of 
wave trains. The reason for the introduction of the interruptions of 
oscillators without transitions of the atom is to preserve Kirchhoff’s law 
in cases where oscillators of atoms both in the state 7 and in the state 7 
take part in emission and absorption of radiation of frequency »;;. In 
order that the emission and absorption lines may be of the same breadth, 
which Kirchhoff’s law demands, the time of coherent vibration must be 
the same for oscillators ~;.; and p;.;. This we have secured by making 
the probability of interruption for each equal to P;+ P ;, which is symmet- 
rical in ¢ and 7. It remains, of course, to be shown later that the equality 
of time during which coherent vibration is emitted or absorbed is a 
sufficient reason for actual equality of breadth in the spectral lines of 
absorption and emission. 

The radiation field of an atom: Spontaneous oscillators. We assume that 
the spontaneous part of the oscillator ~;.;, which we shall denote by 
p.*.;, has when it occurs an amplitude eD;;, where e is the electronic 
charge, a frequency »;;, and a phase determined by chance. This com- 
pletes the formulation, except for stating when a spontaneous oscillation 
occurs. We have already stated that such an oscillator is present when 
the following two conditions are satisfied: (a) The energy of state j is less 
than that of state 7; (b) the atom was not brought to the state 7 by 
resonance radiation of frequency »;;. We shall now slightly amend the 
condition (b), and make it more precise, bringing in the idea of interrup- 
tions as outlined in the preceding paragraph. The restatement of (b) 
will be: The interruption of the oscillator p;.; just preceding the time 
of continuous vibration which we are considering was not a result of 
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the probability term (3). There are then two cases in which, according 
to (b), spontaneous polarization p;.; is absent: First, when the atom has 
just entered the state 7 from the state j7, on account of the term (3) in the 
probability of transition from state 7 to state 7, but when the oscillator 
pi.; has not yet had an interruption while the atom has been in the state 
i; second, when the atom has been in the state 7 long enough so that the 
oscillator p,.; has had interruptions, and when the last previous interrup- 
tion was on account of the term (3) in the probability P; of interrup- 
tion which this oscillator possesses. In justification of this precise 
assumption we see that a consequence of it is that when there is no 
resonance, so that /B;.,;(v)p(v)dv=0, all the atoms in the state i have 
spontaneous oscillators p*;.;.. Further, when no atoms reach state 7 
except on account of this term, none possess spontaneous oscillators; 
for P; can contain no terms except (3), and hence no oscillators p;. ;, 
either after a transition or an interruption, satisfy the condition (b). 
Thus in the two limiting cases, of complete resonance or complete lack 
of resonance, the assumption is what we should desire. In intermediate 
cases, the justification of the assumption will come by showing that 
conservation of energy results from it. 

The radiation field of an atom: Forced oscillators. Before stating in 
detail our assumptions about the forced oscillators, there are several 
approximations and simplifications which are to be made in the present 
paper, and which will be described. First, in absorption formulas and 
similar places, we shall work only to the first order in 1/(»;,-v). Then we 
shall replace 1 (v;,2—v?) by 1/[2»;;(v;;—v)}, ete. This will in future be 
done without comment. Second, we shall assume that the atoms have 
equal probability of orientation in any direction, and shall work through- 
out with average values over all orientations; or, what amounts to the 
same thing, we shall assume that the atoms are isotropic.” We shall 
further assume all states to have the same a priori probability. It is 
probable that a more complete theory, in which these simplifications 
were not made, would encounter only additional complications, without 
additional difficulties of an essential kind. 

It will be assumed that the spectral resolution for the external electric 


field is 
E,= > (n) A,.cos 2rv,t+B, sin 2rvgl , vy,=n/T (6) 


where 7 is a very long time. There are to be similar resolutions for 
E, and E,. The coefficients A, of the field should not be confused with 
the terms A,;.; in the probability of transition. 


12'%&e Van Vleck, l.c.,* note 25, p. 344. 
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We are now ready to write our detailed assumption about the forced 
part of the oscillator p;.;, which we shall call p’;.;.. We assume that the 
last interruption of the oscillator came at time ¢,. Then for times after 
t,, and until the next interruption, we assume that its value, averaged as 
stated over all orientations of the atom, is™ 


Pcs 


(pPii.pr=t 5 a(n) - .. cos 2nv,t—cos 2r[v;t—(v¥i;—va)to] 
12h —¥n 


ra 
+——— | sin 2av,t—sin2x |v; t—(vi;—vn)to]} (7) 


Viz —Vn 


with similar values for the y and z components. The positive sign is to 


be taken for positive oscillators, where the energy in the jth state is 
greater than in the :th, the negative sign in the opposite case of negative 
oscillators. oe % can also be written 


(P/;.):2 t+ -— Sy a 1 —cos 2r(v;;—v,) (t—to) |cos 2rv,t 
a Vij—Vn 


+ [sin 24(v;;—v,) (t—to) |sin 2rval | 
Buz (8) 
+——_-| [1—cos 2r(v;;—vn)(t—to) sin 2rv,t 
Vij—Vn 


—|sin 24(v;;—v,)(t—to) |cos — 2rvnt} 


The polarization is seen to depend on the time (¢—¢,) which has elapsed 

since the last interruption. In most applications, we are interested only 

in the average of (p‘;.;) taken over all values of (¢—t,). This is found 
in Note 1, and is 

Vij —~P nr 
p! ie; - 1,2 cos 2xv,f+B,, sin 2rvpt) 
— vn [2+ [(Pi+P)) rare 
"Pe +P;)/2x 
~ [vis— on] 2+ (P+ P,)/ 2x |? 


\ variation of this equation is obtained by substituting for D;; from (1); 
this gives simply a different form for the constant. In terms of this value 
we can write the whole average moment for all the oscillators p;.; com- 


(A, sin 2rv,t—B,, cos 2rv,t) - (9) 


bined. We shall be interested in the particular form which this equation 


'8 The polarization (7) can be considered as being derived in either of two ways. 
In the first place, it follows directly from the correspondence principle. In the second 
place, it results if we apply the conditions of conservation of energy and momentum 
on the average. Both these conditions will be discussed in the next section. It is note- 
worthy that the two independent requirements lead to the same result ; or, expressing it 
differently, that the same assumption can satisfy both conditions. 
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takes at frequences v, which are outside any of the absorption lines, so 
that (¥%;;—v,) > >(Pi+P;)/z for all j’s. Then the formula is 


‘titanate, c3 Ay. st ies 
=(j)(p'i.5) 2 = ——D_(n) [Zw- ——_—_— Lo] 
jie pre Vir? (Vir — Yn) Vis*(Vis— Pn) 
x [A nzcOs 2ry,t4- B, sin 2rv,t | , (10) 
where r is to be summed over all states for which the energy is greater 


than for the state 7, and s over all states for which the energy is less. This 
concludes the formulation of the polarization of the dipole connected 


with an atom in the ith state, and consequently of the radiation field 


emitted by such an atom during its stationary state. 


Ill. Discussion or THEORY 


The correspondence principle. The polarization assumed in the pre- 
ceding section satisfies the condition of the correspondence principle, 
that it should degenerate for high quantum numbers to the polarization 
which would be produced in the actual orbital motions of the electrons 
in the atom under the same external field. This has been shown both by 
Kramers and by Van Vleck, in the papers quoted above. We begin with 
formula (10). We suppose any particular stationary state to be described 
by a set of quantum numbers m, ... ”,. Let the state 7 be described by 
a particular set m,’...m,', and let the state r be described by m'+1, 

. ny'+7,, where some of the r’s may be positive, some negative. Now 
let us pair off with this state 7 a particular state s whose quantum numbers 
are m,'—71,...%,'—T,». Then the transitions from state 7 to r, and 
from i to s, are connected by the correspondence principle with the same 
harmonic in the actual motion. As we approach high quantum numbers, 
the constants D;, and D;,, v;, and v;,, for these two transitions, will 
approach each other. Then the difference between the two terms, one 
positive and the other negative, in (10), corresponding to those particular 
transitions, will become relatively small as the quantum numbers become 
large. We note that A,.; contains a factor h in the denominator. Then 
a set of two terms, paired as described, will be the difference of two 
quantities which, in the limit of high quantum numbers, approach each 
other, divided by h. Now if we replace this difference divided by h, by 
a derivative with réspect to a phase integral J, as is usual in correspon- 
ence principle, the resulting formula is, to the approximation with which 
we are working, precisely the formula found for the polarization pro- 
duced classically in the multiply periodic atom by the external field. 
It is noted that we used the formula (10), which holds only at a distance 
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from absorption lines, in this deduction. This is simply because the 
breadth of spectral lines is a characteristic quantum theory phenomenon, 
for which we can expect no classical analogy. The classical multiply 
periodic system would give no sharp lines at all, for its energy and 
frequency would change with the time. 

Optical phenomena and classical bound electrons. It is a very remarkable 
fact, pointed out by Van Vleck,“ that although the classical dispersion 
by a multiply periodic system involves complicated terms, still the 
quantum dispersion formula (10), where differences are substituted for 
derivatives, consists of a series of terms each of which behaves formally 
like the contribution of a bound electron on the classical theory. It 
appears that this is the real explanation of the fact that it has been 
possible to obtain a dispersion theory capable of representing the truth 
so well by means of the classical theory of elastically bound electrons. 
Even within the absorption lines there is a similar situation, in which 
our assumptions, derived with the multiply periodic system in mind, still 


give results suggesting linear oscillators. On examination, it will be seen 


that the complete forced polarization, on the present theory, is the sum 
of two parts, that given by (10), and terms in the natural frequences »;;, 
which reduce the amplitude of a forced oscillator to zero at the beginning 
of its vibration. Formula (7) consists precisely of these two terms, one 
having a frequency v,, the other »;;, and the second having such a phase 
that the two cancel eaclrother at t=¢. But the use of the two kinds of 
terms amounts to setting up our polarization by analogy, not with the 
steady forced perturbation of a classical multiply periodic system, but 
with the perturbations as they build up from zero.” This is necessary in 
order that we may explain the broadening of lines by a mechanism of 
interruptions such as we have used. But the result of it is that (7) is 
precisely the kind of forced motion which a classically bound electron 
would have while its amplitude was building up from zero, and the 
formulas which result from it are just the ones to which we are led by 
Lorentz’s theory of broadening of lines by collisions. 

The present theory, then, arrives at qualitatively the same kind of 
forced polarization as the classical theory, although no suggestion of 
linear restoring forces lies at the bottom of it. But it is known that for 

“ Van Vleck, l.c.,* p. 346. 

'* Kramers and Van Vleck retain merely the terms in their results which vibrate with 
the impressed frequency. But if also the terms representing the building up of the 
perturbations from zero are retained in the classical derivation, it is found that the 


whole forced polarization can be written as a derivative with respect to a phase integral. 
When this is replaced by a difference, the terms are exactly the terms of the formula (7). 
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the explanation of optical phenomena, the classical theory is qualitatively 
satisfactory. We may then expect that the present theory will have the 
same success. Quantitatively, the classical theory was not so fortunate. 
The present work suggests why that may have been true. The constant 
of the polarization of a classically bound electron depends on e/m, and 
this is the same for all electrons. But experimental values were found 
which almost invariably differed from the true value of e/m. On the 
present theory, the constant is different, involving the amplitude D,;, 
which can have almost any value. Whether the polarization predicted by 
the present formulas is in accord with experiment is largely a question 
for the future. In the matter of broadening of lines, too, the classical 
theory found itself rather unable to deal with the situation. The present 
theory, with its result that the broadening depends on P;+/P;, leads to 
definite results which, it seems, may be useful in explaining the ob- 
servations. Of course, we must always remember that there are other 
causes of broadening in addition to the intrinsic broadening connected 
with the probability P;+ P,, Doppler effect, Stark effect from neighbor- 
ing atoms, etc. 

Conservation of energy. The present theory has just been shown to be 
in accordance with the correspondence principle, and to be qualitatively 
similar to classical dispersion theory. Now we shall approach the more 
difficult tasks of showing that the conservation of energy and momentum 
are satisfied in general in the interaction of radiation and atoms, on the 
average, and that the theory leads to the proper relations in thermal 
equilibrium. Energy and momentum we are assuming to be of two kinds, 
the atomic energy and momentum of the atoms in their stationary states, 
and the radiation energy and momentum located in the field of the 
oscillators. The energy and momentum arising from the electrostatic 
part of the field of the oscillators, their so-called constitutive energy, 
is not included; its place is taken in the general scheme by the atomic 
energy. Now if energy and momentum are on the average conserved, 
it must be because the average rate of decrease of the discontinuously 
changing atomic quantity equals the average rate of increase of the 
quantity in the field, or vice versa. We shall find, in fact, that not only 
is there conservation in general, but that there is also conservation 
among the particular frequencies. That is, the rate of decrease of atomic 
energy and momentum in consequence of a particular transition 1—j or 
j-1, is just compensated by the rate of increase of the corresponding 
quantities in the field on account of the oscillators p;.; or p;.i of the 


atoms in the two states. We must then compute the quantities involved 


in these statements, and verify their correctness. 
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Let us consider a situation in which the number of atoms in each 
stationary state is independent of time. This includes almost all the 
problems we are interested in. Let the number of atoms in the 7th state 
be N; and in the jth N;. Then N;P;.; atoms make the transition 1-7 
per second, and N;P;.; make the transition j—7. Let us suppose for 


convenience that the 7th state has larger energy. Then in each of the 
transitions i—j, atomic energy decreases by hyv;;, and in each transition 
j-1 it increases by the same amount. The rate of decrease of atomic 
energy on account of these transitions is then (N,P;.;—NjPj.,)hvi;. 
Now we can substitute the expression given in Eq. (4) for the P’s. The 
terms in K,;.; and K,.; in the resulting expression are supposed to be 
compensated directly by increase of energy of colliding bodies at col- 
lisions. Then the part of the rate of decrease of atomic energy connected 
with emission or absorption of radiation of frequency »;; is 


Ni Ay. jhvist+(Ni— N 3) S By. (ov) p(v)dvhy;; . (11) 


Next we must find the rate of increase of energy in the field on account 
of the oscillators p;.; and p;.;. This is a simple problem in electro- 
magnetic theory. We have an oscillating dipole exposed to an external 
field and wish to know the rate at which the energy of the field increases 
on account of the presence of the dipole. This is known to be the sum of 
two parts: the rate at which the dipole would radiate if the external 
field were absent, but if the dipole still had its same amplitude, which is 
2(p)?/3c3, if p is the moment; and the additional rate of radiation on 
account of interference with the external field, which is — (E-p). A term 
of the first kind arises from both the spontaneous and forced parts of the 
polarization, that from the spontaneous oscillators representing ordinary 
emission of light, and that from the forced oscillators being resonance 
radiation. A term of the second kind arises only from the forced os- 
cillators, for the spontaneous oscillators are not in any phase relation with 
the field E, and the average of (E-p) for them is zero. We shall as a 
matter of fact find that the term N;A;.,hv;; in (11) is compensated by 
the term 2(p)?/3c? for the whole polarization, spontaneous and forced ; 
while the remaining term is compensated by the quantity — (E-p) for the 
forced oscillators. In Note 2 the necessary computations are made. It is 
there found that the rate of radiation from a spontaneous oscillator of 
amplitude D;; and frequency »;; is A;.;hv;;. In order to state the results 
for the forced oscillators, it is most convenient first to give our definition 
of B;.;(v). We assume that it is given by 

(1/4) [(Pi+P;)/24] 


B,.A0) = Bi.; (12) 
; [v,;—v}?+ [(Pit+ Ps) /20}? 
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This satisfies the condition that /°B;.,(v)dv=B;.;, and gives a de- 
pendence on v which has precisely the form of the absorption curve. 
Then we find, in terms of this function, that the average rate of radiation 
by a forced oscillator as described in (8), on account of the term 2(p)?/3c°, 


1s 


A;.;hvj, 
P3+P; 


S B;. (v)p(v)dy . (13) 
Further, the rate of radiation by a forced oscillator on account of the 
term —(F°p) is ; 
hy; J By. A<v)p(v)dv , (14) 
the positive sign referring to the forced polarization p’;.;, the negative 
to p 
The total increase of field energy on account of the term — ( E-p) arises 
from NV; dipoles with the polarization (14) taken with the positive sign 
and .V, with the same polarization but the negative sign. It is thus 
exactly the second term of (11) (where now we are to understand that 
the function (12) is substituted in (11) ) so that the rate of decrease of 
atomic energy on account of forced transitions is just equal to the rate 
of increase of energy of the field on account of the interaction between 
the forced oscillators and the field, connected with the term —(E"p). 
It remains to show that the first term in (11), the rate of decrease of 
atomic energy on account of spontaneous transitions, is equal to the rate 
of increase of radiation energy on account of the term 2(p)*/3c? for.all 
the oscillators, spontaneous and forced together. To do this, we must 
find the number of atoms in the state 7 which have spontaneous os- 
cillators. This is \,, multiplied by the fraction of N; whose last previous 
interruption was neither an interruption of an oscillator in the ith state 
on account of the term (3) in its probability of interruption P;, nor a 
transition from state 7 to state 7 on account of the same term in its 
probability of transition. In Note 3, it is shown that this fraction is 


Ni tN, S By=;(v)p(v) dv - 
fim formes Seonsecagienentecans # (15) 
N, P +P; 
Then the total rate of increase in energy of the field on account of the 
term 2(p)* 3c* is the sum of N,A,.;hy;; multiplied by the fraction (15), 
increased by (.V;+N,) times the quantity (13). That is, it is 

{ Ni+N S By. ;(v)p(v)dv 

N A ;.jhv i 1-- an MP = tone nt sh Seon 
N; P;+P; 


N +N )Acashoi; 
> > Sf Bi. so)ple)dy=NeAcashns (16) 


~ 
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This is equal to the first term in (11), so that the conservation of energy 
is secured. 

Conservation of momentum. In stating the laws of probability for 
transitions, no mention was made of the momentum gained or lost by 
an atom in its transition. We shall make the same assumptions as 
Einstein.!° In the first place, in every transition from state 7@ to j, in 
which the atom either gains or loses energy hyv;;, it is assumed that the 
momentum of the atom in some direction changes by Ay; ; /c. The direction 
is determined as follows: (a) If the transition is a spontaneous one, 
on account of the probability A;.;, the direction is random. (b) If the 
transition is a forced one, we can state the condition most simply if the 
external field happens to be a plane wave. Then the momentum is in 
the same direction that the wave is travelling, or the opposite direction, 
depending on whether the induced transition is an absorption, with 
increase of atomic energy, or an emission, respectively. When the 
external field has not this simple character, we must analyze it into many 
plane waves travelling in all directions. We can write the probability 
of an induced transition as a sum of terms, one arising from each plane 
wave. We can then say that the chance that the direction of the momen- 
tum lies in any solid angle is equal to the fractional contribution to the 
total probability of transition made by waves whose wave normals lie 


in this solid angle (or, for induced emission, whose directions lie in the 


opposite solid angle). That is, we regard each plane wave as con- 
tributing an independent probability of directed momentum interchange 
in its own direction. 

From these assumptions, we can find the average rate of increase of 
atomic momentum in any direction. The spontaneous transitions con- 
tribute nothing, for the direction of impulse in such transitions is random, 
and the average in any direction is zero. In treating the induced tran- 
sitions, we can consider separately the effect of plane waves in different 
directions. Let us fix our attention on a solid angle of directions, say 
dw, about a particular direction m, and let us denote by p,(v)dw the 
energy density in the particular plane waves whose wave normals are 
included in this solid angle. Then the contribution of these waves to 
the probability of induced transitions is J B;.;(v)p,(v)\dvdw. The number 
of transitions per second from the ith to the jth state induced by this 
part of the field is N; times this probability, and from the jth to the 7th 
state N; times it. We may say that in each of the transitions of the first 
variety, atomic momentum in the direction of » decreases by /v;;/c, 
while in each transition of the second variety atomic momentum in the 
same direction increases by the same amount. Thus the net rate of 
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increase of atomic momentum in the direction m, in consequence of these 
transitions, is 


(V;—N,) hy; cS B;.(v)p,(v)dvdw (17) 


It is next necessary to compute the change in momentum of the field 
in any direction. In the first place, there is no momentum change on 
account of spontaneous radiation or resonance radiation, for in each 
of these cases the energy is carried out in spherical waves, which on the 
average carry no momentum. The only momentum change results from 
the interaction of the external field with the wavelets emitted by the 
forced oscillators. Here again we can separate the external field into 
a collection of plane waves, and consider only those whose directions lie 
in the same solid angle as before. In treating the interaction of such a 
plane wave with the wavelet of a forced oscillator, we need take account 
only of that part of the polarization of the oscillator produced by the 
electric field of the particular plane wave in question; for any other term 
in the polarization will have a phase which is statistically independent 
of the phase of our plane wave, and the effect will cancel on the average. 
Then we must find the rate of change of momentum in the field on 
account of interaction of a plane wave, and a spherical wave in a phase 
relation to it. It can be shown generally that in such a case the momen- 
tum of the field in the direction in which the plane wave is travelling 
decreases at a rate equal to the rate of decrease of energy in the field, 
divided by c. For the rate at which the energy of the field decreases, 
in consequence of the interaction of an external field and the field emitted 
by an oscillator of moment P, is (E-p), and the rate at which the mo- 
mentum of the field decreases is the vector [px H] c. Now let us analyze 
the plane wave into components polarized at right angles to each 
other, and consider one of the components. In general, these components 
will be independent of each other, so that we need consider only the 
interaction of each with the part of the polarization which it produces. 
Choose the x axis as the direction of E, the y axis as the direction of J/. 
Then £,=//,. Further, for the part of the polarization we are interested 
in, p is in the x direction. Then (Ep) =E.pz, and [pX//]/c is a vector at 
right angles to both x and y—that is, in the direction z, or the direction 
of the wave normal—with an amplitude (p,//,) ¢=(E,p.)/c. Thus the 
result is proved. 

The rate of increase in energy of the field on account of the term (E°p) 
has already been found, in (14). Then we see, by the result above, that 
the rate of decrease in momentum of the field in the direction m of the 
wave normal of our plane waves, on account of a positive forced oscillator 








QUANTUM THEORY OF OPTICAL PHENOMENA 415 


pb! ji is hvi;/¢ J B,.;(v)p.(v)dvdw, and by a negative forced oscillator the 
‘negative of this. The total rate of decrease of momentum of the field in 
this direction, on account of the interaction between the plane waves 
whose normals are included in dw, and all the atoms, is just equal to (17), 
the rate of increase of atomic momentum on account of the seme part of 
the external field. Thus the conservation of momentum is satisfied. 
Spectral distribution and thermal equilibrium. It is assumed that in 
thermal equilibrium the atomic energy is distributed according to 
Boltzmann’s distribution, and the radiation energy is distributed among 
the various frequencies according to Planck’s law. Then the mechanism 
of interaction between atomic energy and radiation energy must satisfy 
the condition that it disturbs neither of these distributions. This involves 
two distinct conditions. First, the laws of probability of transition must 
be such that tie atomic distribution is not affected by interaction with 
black radiation; second, the radiation emitted and absorbed by atoms 
must be such that the energy density of Planck’s law is not affected by 
the interaction. The first of these conditions is automatically satisfied 
by the assumptions of probability that we have made; for these assump- 
tions were taken directly from Einstein, and were made by him simply 
to secure the result we desire. As a result of the assumption regarding the 


probability of transition, together with the value hv;; of the energy 


change connected with a transition, the distribution of energy between 
stationary states is not affected by the presence of black radiation 
of the temperature of the atoms. The additional assumptions about 
momentum, in a similar way, bring it about that Maxwell’s distribution 
of velocity among the translational coordinates of the molecules is not 
affected by radiation. On the other hand, the condition that the energy 
distribution in the field is not to be affected by the interaction is a new 
condition, which must be proved. In the first place, the conservation 
of energy, which we have already verified, shows us that there can be no 
net increase or decrease in the energy of the field on account of the 
oscillators connected with the two transitions i—j and j—; for in, 
thermal equilibrium as many atoms make this transition in one direction 
as in the other, so that the atomic energy does not change in consequence 
of the transition, and hence the energy of the field cannot change either. 
But it must be shown that this transition not only does not change the 
total energy of the field, but also does not alter the spectral distribution. 
To do this, it is necessary to show that emission and absorption lines have 
the same spectral distribution; that is, that Kirchhoff’s law is obeyed. 
We must therefore investigate the spectral distributions. For generality, 
we shall not limit ourselves to thermal equilibrium for the moment. 
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The spectral distribution of the absorption curve is given directly from 
the absorption probability coefficient B;.;(v), or from the term in the 
forced polarization (9) out of phase with the external field; we can best 
specify the distribution from the ratio B;.,;(v) B,.;, given in (12), for 
this is a quantity which integrates to unity. It is easily shown that this 
function represents a narrow line whose width in frequency measure, 
between the points where the curve has half value, is (P;+P;)/7. Now 
we must compute the spectral distribution of the radiation emitted by 
the forced oscillators, and see if they have the same distribution. This is 
a task in Fourier analysis, and is carried out in Note 4. There it is shown 
that the relative distribution of intensity in the radiation of the spon- 
taneous oscillators is in fact B,.,;(v)/B;.;. The distribution for the 
resonance radiation is naturally dependent on the spectral distribution 
of the incident light which induces the polarization, and is a rather com- 
plicated function. But in the case of thermal equilibrium, the external 
field is a field of continuous radiation, and the energy density can be 
considered constant over the absorption line. In this special case, the 
spectral resolution of the resonance radiation also reduces to B;. ;(v)/B;.;. 
Thus Kirchhoff’s law is verified, and the conditions for thermal equilib- 


rium satished. In the more general case where the inducing light is not 


of uniform energy density, there seem to be no experiments to test the 
results of Note 4 as to the spectral resolution of the resonance radiation ; 
but it seems likely that such experiments could be devised, and it would 
be of considerable interest to try them. 


IV. EXAMPLES OF APPLICATION OF THE THEORY 


In treating a specific problem by the methods outlined here, the first 
step is to find, either from atomic models or in some other way, the values 
of the constants D;; and »;; associated with the various transitions with 
which the problem deals. Next, the probabilities of transition must be 
ascertained. The term A;.; can be at once computed. If the value of the 

“external radiation field is given, we can find JS B;.;(v)p(v)dv. In case 
p\v) is constant over the absorption line, this is simply B;.,;p(vi;), where 
B;.; is directly computed. If on the other hand p(v) is not constant, we 
must perform the integration, using (12) for B;.,;(v). The formula in- 
volves the probabilities P;+P,, and hence implicitly B;.;(v) itself; but 
in practical cases this term is negligible, for p(v) is almost always so small 
that B;.,p(v;;) can be neglected in comparison with A,.;. We must, 
however, evaluate the rest of the probability before such an integration 
can be performed. The remaining terms in the probability arise from 
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collisions. We do not at present know the exact formulas for these 
probabilities, but approximate formulas can be easily set up. 

Having determined the probabilities of transition, the next task is to 
find the number of atoms in each stationary state. To do this, we first 
set up a set of equilibrium equations, stating that the number of atoms 
in each stationary state is to be independent of time. For the ith state, 
for example, we find as the number of atoms entering the state per 
unit time from all other states, N,P,.i+NsPs.i+ ..., and as the 
number leaving per unit time N,(P;.4.4+Piot+ ...)=NiPi. Then the 
condition that NV; be independent of time is 


NaP ait NoP vit oer es a —N;P;=0. (18) 


There will be one of these equations for each of the stationary states. 
Thus there is a set of homogeneous linear equations, one equation for each 
variable. The solution of these equations presents interesting results, 
which however need not concern us here. So far as I know, the general 
equations were first set up and solved by Mr. S. Rosseland, although he 
has not published them. It can be easily shown that the determinant of 
coefficients always vanishes, so that the equations always have an 
infinite number of solutions, and determine the ratios of the N’s. When 
an additional condition specifies the total number of atoms, the N’s are 
determined. 

When we have found-the number of atoms in the various stationary 
states, we can investigate the energy interchanges involved in the 
radiation processes directly from the principle of conservation. Thus 
we can compute the amount of energy absorbed on account of the term 
B,.,p(vi;), and the amount radiated either spontaneously or as resonance 
radiation. We can further find the amount of kinetic energy brought 
to or from the system by collisions. In the steady state, such as we are 
assuming, there will be energy equilibrium; that is, the energy brought 
into the system, by radiation and collisions, will equal the energy taken 
out, by other types of radiation and collisions. In general, there is no 
equilibriam in each mechanism separately, however; radiation will be 
flowing in, in some frequencies, in which there is absorption, and out in 
others, where there is fluorescence, resonance, or emission of other types; 
and kinetic energy will be flowing in, in collisions of the first kind, out in 
collisions of the second kind. The atoms in general travel from one 
state to another in cycles, being excited by one agency, returning to the 
normal state by another, so that the number making a particular tran- 
sition in one direction is in general different from the number making it 
in the other. Only in the special case of thermal equilibrium is there 
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equilibrium in each separate agency, and an equal number of atoms 
making each transition in each direction. 

We can now go on to discuss in detail the radiation emitted and 
absorbed. We consider each natural frequency v;; separately. Then in 
the first place we may find the reaction of the atoms on the external field. 
To do this, we separate the field into polarized monochromatic plane 
waves, such as are used in optical theory, and on account of the independ- 
ence of phase between such waves we can treat them separately. Then 
we can compute the dispersion, refractive index, etc., exactly as in the 
ordinary treatments of classical theory, only substituting for the polariza- 
tion of an electron used in classical theory the average values for polariza- 
tion of forced oscillators given in (9). Having found the reaction of the 
atom on the field, we next find the nature of the emitted light. We 
compute the number of excited atoms which have spontaneous oscillators, 
and find the radiation emitted by them. Also we investigate the scattered 
or resonance radiation. 

In an actual problem, there are of course many other complications 
which enter. The greatest of these is generally the change in character 
of the radiation as it passes through the body. If the substance is strongly 
absorbing, the spectral distribution of the external field in the region 
in which we are interested may change entirely in passing through the 
body. Further, the rescattering or reresonating of radiation generally 
adds to the complication. In the simple problems which we treat here, 
however, these difficulties will be left out of consideration; they would 
naturally be treated in making definite applications of the theory to 
special problems. We shall now pass to several simple examples. 

Emission by bombardment at the resonance potential. It is assumed that 
atoms in the normal state (which we shall call 7) are subject to bombard- 
ment by electrons, which possess the energy necessary to raise them to 
the first excited state 7. There is supposed to be no external radiation 
of the resonance frequency. Then, if K;.; is the probability of collision, 
we have P;.;=K,.:, P;.;=Aj;.,, and all the other P’s are zero. Then 
there is only one equation for the N’s, NV ;P;.1= NiP;.;, or, if N=Nit+N;j, 


P 5.54 Pj. 


Ay.j+K;j.; 


The number in the excited state i depends directly on Kj;.:, vanishing 
if there are no electron impacts. There is radiation of energy N;A;. ;hv;; 
per second. On the other hand, kinetic energy of the equal amount 
NK ;.;:hv;; per second is brought into the system by the electrons. The 
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radiation is in a line of frequency breadth (A;.;+K,j;.:)/m. It is entirely 
spontaneous radiation. 

Resonance radiation, its quenching by collisions of the second kind, and 
absorption. Again we have two stationary states j and 7. Now, however, 
there is an external energy density p(v;;), constant over the absorption 
line. Further, excited atoms have a probability K;.; of collision of the 
second kind, either with slow moving electrons or with gas molecules, but 
there are no collisions of the first kind. Then P;.;=B;..p(v;;) = Bi. e(v:;), 
Py.5= Agigt Bi. plvijs)+ Ki.;, P;+P;= A iit 2B;. p(vij)+K;,.;. The 


numbers of atoms in the two states are then 


N; sa dilcccttaniaaee io(vii) 7 N yA it Be. wlvis) + Ki. —_, to 
Ajx.;+2B;. pit Kiej - Aj .;+2B;. p(vij) + Ki.; 

kor all ordinary cases, B,;.,p(v;;) is negligible in comparison with A;.;, 
so that only a negligible number of atoms are in the excited state. Since 
all the atoms are brought to the excited state by resonance, none of them 
have spontaneous oscillators. Then, since the forced oscillators of an 
atom in the excited state are no larger than those of an atom in the 
normal state, the excited atoms make an entirely negligible contribution 
to the resonance radiation. On the other hand, we know by conservation 
that the rate of radiation of resonance radiation by the normal atoms 
is directly connected with the number of excited atoms, and is 


A. By. jp(vi;) hy: 
Ra. st vii)! to ’ (20) 


j=N-— 
A; .;+2B;.;p(vi;) + Ki. 


It is observed that, as K,.; is made large, this decreases, and can be made 
as small as we please. This is the phenomenon of quenching of resonance 
radiation by collisions of the second kind. The rate of absorption of 
radiation from the external field is 


. , (A;.;+K;,.;) Bi. ip (v5) hy; 
Tee ee eee ————— (21) 
A;.j;+2 B;. p(vi;) + K;. 
or approximately NB,.jp(v;;)hv;;. The excess of radiation absorbed 
over radiation emitted is 


K,;.; By. ipl vii) hv; 
A;.,+2B;. pv d>d:. 





which is also equal to V,K,.;, the rate at which kinetic energy is being 
taken from atoms by collisions of the second kind. If K;.; is zero, so that 
there are no collisions, all the energy which is removed from the initial 
beam is sent out again as resonance radiation. As K;.; becomes large, 
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however, more and more of the energy absorbed is converted into kinetic 
energy, and thus is lost as light energy. The amount absorbed from the 
external beam is very nearly independent of the presence or absence 
of collisions of the second kind, however. When K,.; is small, the 
phenomenon described here is that of resonance radiation; when it is 
large, it is essentially the familiar optical process of ‘‘true’’ absorption, 
in which the energy removed from the beam is not reradiated, but is 
converted into kinetic energy. The momentum interchange is also of 
interest in this problem. Suppose the external field is a plane wave. Then 
the atoms receive momentum of the quantity (21) divided by c, in the 
direction of the beam. There is then a force of this amount exerted on 
the atoms by the light; this is simply the radiation pressure. Like the 
absorption, its amount is very nearly independent of whether the energy 
abstracted from the incident beam is reradiated or is converted into 
kinetic energy. 

The resonance radiation emitted in these processes is emitted by the 
vibration of the forced oscillators, and thus shows polarization charac- 
teristic of the incident light. The destruction of this polarization by a 
magnetic field is, of course, outside the province of the present paper, 
which is not considering magnetic effects explicitly. The radiation is 
emitted in the form of a line of breadth (A;.;+2B;.j;p(¥i;)+Ki.;)/7. 
As K;.; increases, and the resonance radiation decreases in amount, it is 
seen that the line is broadened. As far as the influence of the atoms on 
the incident light is concerned, this problem is that of anomalous dis- 
persion. There is an absorption line, of the breadth just given, inside 
which the index of refraction goes through changes of the characteristic 
nature. The total strength of this line is nearly independent of the 
collisions. On the other hand, the breadth of the line increases with K;.; 
with corresponding decrease of the intensity corresponding to any 


frequency, and the breadth may become very considerable for large 


pressures of gas capable of colliding with the atoms. Of course, it must 
not be forgotten that there may be other factors influencing the broaden- 
ing in addition to the lack of coherence in the wave trains, so that the 
figure given refers to a minimum breadth for the line. The principal 
effect of this kind when the line is narrow is Doppler effect; when the line 
is broad, there is probably also broadening on account of Stark effect 
from neighboring atoms. 

It is well to call attention to the various interpretations of the term 
absorption which have been made by various authors. By some, the 
term is used, as we have used it, to refer to the weakening of the incident 
beam. By others, however, it is used to indicate the net amount of light 
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disappearing on accqunt of the process, or the difference between the 
amount removed from the incident light and the amount re-emitted. 
The present theory gives a perfectly definite picture of the phenomena 
concerned, so that if it is adopted there need be at least no confusion 
as to the physical processes, whichever definition of the words may be 
preferred. 

Scattering and normal dispersion. The problem of scattering is supposed 
to be essentially the same as resonance radiation, except that the fre- 
quency of the incident light lies far from the frequency of the absorption 
line. The formulas are the same as in the previous example, except that 
B,.,p(v;;) is to be replaced by J’B;.;(v)p(v)dv. On account of the very 
small value of B;.;(v) for a v far from the natural frequency, this will 
be an extremely small quantity. The number of atoms brought to the 
upper state is thus very minute. Still, it is not zero; just as in the case 
of ordinary resonance, the amount of energy scattered is compensated 
by the spontaneous transitions of atoms from the higher to the lower 
state. All the atoms brought to the upper state are brought on account 
of resonance, so that they do not have spontaneous oscillators; the 
scattered radiation comes from the forced vibrations of the oscillators of 
the atoms, which are practically all in the lower state. We see that it is 
possible, in this case, to have the probability A;.; connected with radia- 


tion, not of the natural frequency, but of the entirely different frequency 
of the scattered light. The effect of the process on the incident light is 
the ordinary dispersion. The vibrations of the forced oscillators are 


almost precisely in phase with the field, so that there is only very slight 
absorption—just enough, if there is no conversion of the absorbed energy 
into kinetic energy, to compensate for the scattered energy. The radiation 
pressure is found directly from the absorption. 

When we inquire as to the exact amount of scattering, or the exact 
spectral constitution of the scattered light, we see at once that the 
present theory is not complete enough to answer our question. It will be 
recalled that we are deliberately working only to the first power of 
1 (v;;—v). Thus as the frequency of the light gets further and further 
from »;;, our formulas become more and more inaccurate. They cannot 
give the variation of scattering with frequency found either in Rayleigh’s 
scattering formula, or Thomson’s formula; for on examination it is seen 
that both of these results depend on higher powers of 1/(v;;—v). The 
reason why the present theory was not carried to a higher degree of 
approximation was because it was believed that the phenomena at a 
distance from the absorption line demanded consideration by themselves, 
and it was thought better to give formulas which made no pretense of 
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treating them exactly, rather than to include terms which appeared to 
apply to them, but which were of doubtful validity. It should be under- 
stood that we can change the assumptions of the present paper about 
as much as we please, outside the absorption line, without changing in an 
essential way the results we have described. The reason is that in the 
phenomena we have been principally discussing, the absorption line is 
of such great importance as to outweigh entirely the other regions of the 
spectrum. It is very probable, then, that satisfactory numerical assump- 
tions about scattering can be made; and there seems at any rate no 
reason to think the qualitative explanation given here is not satisfactory. 

Problems with more than two stationary states. In the problems which 
we have so far discussed, much simplification has resulted from the fact 
that atoms occurred in only two stationary states. In most problems, 
it is not so simple as this. No problems of great complication will be 
treated in detail here; they involve no new principles. But it may be 
useful to describe a few, to indicate what a variety of problems the theory 
is capable of dealing with. The general problem of emission of spectra 
after ionization by bombardment could be treated, except for the initial 
stages, where the electron and ion are just recombining; this process 
could not be included, for we are dealing here only with periodic systems, 
which give oscillations of sharply defined natural frequencies; while a 
free electron is not such a system. The problem of fluorescence could 
also be treated, in a general way. There are not many problems in which 
absorption by excited atoms is of importance; but absorption by band 
spectra, where the absorbing molecules are distributed among stationary 
states of a number of rotational quantum numbers, would be a good 
example of such a problem which could be attacked. In addition, of 


course all problems of dispersion by gases in their normal state could be 


brought under the theory. 

All the problems which have been discussed are problems of kinetic 
equilibrium, in which the number of atoms in each state remains constant. 
But in all of them, the system has been receiving energy, and converting 
it irreversibly into some other form of energy. There is the special case 
of thermal equilibrium, in which there is no such irreversible conversion ; 
and this problem, as indicated at the end of the last section, can also be 
treated by the present methods. As a matter of fact, however, the 
problems in which we are practically interested are generally problems 
where thermal equilibrium does not occur, but where somewhere in the 
system there are parts with energy far greater than the energy cor- 
responding to thermal equilibrium at the temperatures we are accustomed 
to—swift electrons, or radiation of large intensity in the visible or ultra- 
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violet region. And we are generally concerned with the processes which 
occur in the course of the degradation of this energy to more ordinary 
form. 


Note I 


We wish to find the average of the forced polarization (8) over atoms 
with all possible values of (¢—t)), the length of time which has elapsed 
since the last interruption. Let us for brevity denote (¢—t,) by 6. Then 
we must find the fraction of all atoms for which @ is between a certain 
value @ and 6+d86, multiply (8) by this fraction, and integrate over all 
values of 6. 

Consider a certain number N, of atoms whose oscillators p;.; entered 
continuous motions approximately simultaneously. Let N be the number 
of these oscillators which have not yet had an interruption at time ¢, 
after this. The probability that any oscillator will be interrupted is 
P,+P;; so that a number N(P;+P,)dt have interruptions in dt. Then 
dN/dt= —N(P;+P;), N=Noe~“i*?i". Now the number of oscillators 
p;.; entering continuous motions in unit time equals the number leaving 
such motions, or the number N;(P;+/P,) having interruptions. Then 
Ni(P:+P;)d0 entered continuous motions between times ‘—@ and 
t—(0+d6). Of these, N;(P;+P,)e~?i(+?d@ survive in their continuous 
motions at time ¢, when we are performing our integration. Thus 
the fraction of oscillators for which @ is between @ and 6+d@ is 
(P,+P)e~Pi t?id0. 

Having found this fraction, we must substitute @ for (¢—/,) as it appears 
in (8), multiply (8) by the fraction, and integrate from 6=0 to 0= @. 
The integration is simply performed, and results after slight reduction 
in (9), 

Note 2 


Rate of radiation from a spontaneous oscillator. For this oscillator we 
have p=eD, cos 2x(v;,t—a), where a is a phase angle. The average rate 
of radiation is the time average of 2(p)?/3c*. We find immediately that 
2(p)? 3c3 = (322'v; 4e°D; 7 / 3c*)cos*2r(v;;t—a), of which the time average 
is (16m‘y; 4e2D;,*) 3c°, which by (1) equals A ;. ;hv;:;. 

Rate of resonance radiation from a forced oscillator. The radiation from 
the forced oscillators cannot be found directly from the average amplitude 
given in (8); for the radiation depends on the mean square amplitude, 
and this is in general different from the square of the mean amplitude. 


We must make some assumption about the behavior of an individual 


oscillator, in order to obtain a relation between the mean square and the 
square of the mean. Consider the term in the external field of frequency 
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vn, and let us schematically represent this part of the field by E,, Ey, E.. 
Then we assume that a particular oscillator has its moment in a definite 
direction, and that the magnitude of the part of the oscillator’s moment 
arising from the term yp, in the field is proportional to the component of 
E,, F,, E. in this direction. That is, if we schematically represent the 
particular part of the moment we are interested in by /, its magnitude 
by |p, and its direction by m, then | b | =k[E.cos(nx)+E,cos(ny) 
+E.cos(nz)}. We have then p,=h[E,cos*(nx)+E, cos(nx)cos(ny) 
+ E.cos(nx)cos(nz)|. Next we assume that the directions 7 of oscillators 
are all equally probable, so that we get p, by averaging over n. Using the 
fact that the average of cos*(mx) is 1/3, and of cos(mx) zero, we have 
p:=4kE,. Further, we have p? = k*[E2cos*(nx) + E,2cos*(ny) + E2cos*(nz) 
+2E,E,cos(nx)cos(ny)+etc.] The average of this is similarly 3? 
[E2+h2+E.| =3|(pr)?+ (py)*+ (p,)?|.. Thus the mean square amplitude 
is three times the square of the mean amplitude. In a more complete dis- 
cussion than this, it would be necessary to consider the case where the 
polarization of an oscillator was determined in a more complicated way 
from the external field than what we have assumed; for the present 
assumption would presumably apply only in the simplest cases. It is to 
be expected, however, that the final results would be the same in more 
complicated cases. 

To compute the radiation, we take (8) for the moment, find its second 
derivative, and square it. Next we multiply by 3, to convert from square 
of the mean to mean square, as shown above. The second derivative is, 
to the accuracy with which we are working, —47*y;;? times the polariza- 
tion itself. The square involves terms in the squares and products of the 
A’s and B’s. We must now average over an ensemble of external fields, 
having a great variety of values of the A’s and B’s, but all consistent 
with the same macroscopic spectral distribution. In this averaging, the 
products of A’s and B’s all vanish, on account of random phases in 
different systems of the ensemble, while the squares A, and B,,* are 
replaced by average values A,,” and B,,”.. We must next average over 
time as it appears explicitly in cos 27v,¢ and sin2zv,t. The result of these 
processes, after multiplying by 2, 3c? is 


2(p sea? wv; ;4e8D;;4 4 22R 2 
20-3) hacmastme WO \ [1—cos 2(v;;—vn) (t—to) }? 
302308 Qc3 hy? ijn)? 


+ [sin 24(v;;—vn) (t—to) }?} . 


Next we average over oscillators with different values of (¢—t), 
substituting @ for (t—f)), multiplying the quantity above by 
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(P;+P,)e~?i +?d6, and integrating from zero to infinity, just 

note (1). At the same time, we can also make the substitution 
my; Ae4D ; A (9c%h?) =A i. ;B;. jhv;;/ (322°), 

which results from equations (1) and (2). Then the result is 


A; ; By. jhvi; fas ee +Bne 
” pao. +P;)/2x]}* 





To get the total radiation, we add together the contributions of the 
x, y, and s components of polarization, and thus obtain An +An? 
+An?+Br2+Br?+Br2 under the summation sign. But this is the 
square of the amplitude of the electric vector for the component of the 
external field of the frequency n/7’, averaged, or twice the time average 
square of the vector. In a radiation field of the kind we are considering, 
the average square of the electric vector equals the average square of 
the magnetic vector, and each in turn equals 47 times the energy density. 
Then the sum of the squares of the amplitudes above can be replaced by 
8m times the energy density of the components of frequency n/7T. Next 
we replace the summation over the separate components of the 
Fourier series by an integration over the frequency v. We regard the 
contribution of the term m as arising from a small frequency interval 
dv=(n+1)/T—n/T=1/T. We write the energy density in this small 
interval as p(v)dvy. Thus we have the identification of the sum of 
squares of amplitudes with 8zp(v)dy. Replacing the summation by an 
integration, our quantity now becomes 


. ae p(v)dv Aj. jhv;; 
see : | f B..so)plodar 
[»<j;— -v_]? +[(Pi +P,)]/ Qa]? Pi+P; 


Rate of absorption by forced oscillator. We take the x component of 
forced polarization (8), differentiate it once, and multiply it by E, from 
(6). As in the last paragraph, we have terms in squares and products of 
A’s and B’s, and as before we average over an ensemble of external fields, 
so that products drop out, and squares are replaced by mean squares. 
Next we average over time, and finally over all values of (¢—)). Then 
we add the contributions of the x, y, and s components, and as before 
substitute 82p(v)dy in place of the sum of squares of amplitudes, and 
integrate over dy instead of summing. The process involves no difficulties, 
and the result is as given in (14). We could equally well take advantage 
of the average of the forced polarization over (¢—t)), which we have 
already performed to derive (9). In that case, we should differentiate 
(9), multiply by (6), and proceed as before, except that we no longer 
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have to average over (¢—/)). Only the second term of (9), out of phase 
with the field, survives the averaging over time, and the result comes 
out immediately. 


Note 3 


We shall first find the fraction of oscillators p;.; whose last interruption 
was an interruption of an oscillator in the 7th state on account of the 
term (3). N; SB; . |(v)p(v)dv such interruptions occur per second ; whereas, 
as we saw in Note 1, the total number of interruptions per second result- 
ing in oscillators entering the ith state is N;(P;+P,;). Thus the fraction 
we desire is [V;/Ni(P:+P,;)|/B;.;(v)p(v)dv. Next we shall find the 
fraction of oscillators p;.; whose last interruption was a transition from 
state j on account of the term (3). N;J°B;.;(v)p(v)dy such transitions 
occur per second, so that this fraction is 


[Nj Ni(Pi+P |S Bis) v)dv. 


Then the total fraction of oscillators p;.; which are brought to their 
continuous motion by resonance is 


(Ni +N) NAPi+P;)|S Bi. ;(v)p()av; 


and the fractions which are brought up by some other agency is unity 
minus this, or (15). 


Note 4 


Spectral resolution of radiation from spontaneous oscillators. To find 
a spectral resolution of emitted energy, we analyze the polarization in 
Fourier series: p= >(n)a,cos2rv,t+,sin2av,t where v,=n/T, for times 
between zero and 7. Then we may say that a,*+ 8," dy is proportional 
to the contribution to the energy emission of frequencies between v and 
v+dv. The fractional contribution is the ratio of this quantity to its 
integral over all frequencies. By finding the fractional contribution in 
this way, we do not have to concern ourselves with constant multipliers. 
In the present case, the average sign indicates that we are to average 
over all lives of oscillators, 0. 

For the spontaneous oscillator, the amplitude is proportional to 
cos 27r(v;;t—a) for all times from t=, to t=¢. The averaging removes 
the effect of the initial instant and of the initial phase, so that we can 
disregard them, and say that the amplitude is proportional to cos 27»; ,t 
from ¢=0 to 6. Then we have as the coefficients of the Fourier series 


6 6 
a,=(2/T)f cos 2av;;t cos 2xv,t dt , B,=(2/T) Sf cos Irv; jt sin Zev, dt , 
v0 0 
: 
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where the integration is from zero to @ because the amplitude is zero 
outside those limits. These products of two cosines or a cosine and a sine 
can be transformed into 


3(cos 2r(vi;+v,)t+cos 2r(vi;—v,)t) 
and 4(sin 2r(vi;+v,)t—sin 2r(v;;—v,)t) 
respectively. We next integrate. In the integration, the terms in func- 
tions of (v;;+v,) will be divided by that quantity, while the other terms 
will be divided by the much smaller (v;;—v,). To the approximation to 
which we are working, we need retain only the second kind of terms. 
We then have 

sin 24(v;;—vn)0 1—cos 2(vi;—vn)0 


a,= , n 


T > 2x(vi;—vn) T + 2n(v5;—vn) 








We square these, add them, and average over lengths of life @. By 
methods similar to those of Note 1, it is easily seen that the fraction of 
the total oscillators whose whole life is between @ and 6+-d@ is the same 
as the fraction which have existed in their uninterrupted state this length 
of time, so that the averaging process is exactly what we have used before. 
We then multiply by dv, and divide the result by the integral of the 
same quantity over all »’s, so as to convert it into a fraction. The result is 
easily found to be B;. ;(v)/B;.;. 

Radiation from forced oscillators. On account of the complication of the 
mathematics, the derivation will not be given here in detail. We must 
first find the coefficients of the Fourier series, as for the spontaneous os- 
cillators. But the problem is more difficult, because the polarization is 
no longer a simple periodic term, but is itself a series (8). To avoid con- 
fusion with the index nm of that series, we may denote the coefficients of 
our new series by am, 8m. Each of these is a series in m, linear in the A’s 
and B’s. Next we find a,,?2+ 8,2, obtaining series in the squares and 
products of the A’s and B’s, and as usual we average over many fields, 
replacing the resulting sum of mean square amplitudes by the energy 
density, and the summation over m by an integration over v. We then 
obtain an?+B8,? as an integral over v; and this can be transformed into 


sin*r(v—vm)0 





On’ +B? = constant X f viene [ - 


sin*x(v;;—vm)O sin?x(vy—v;;)0 | 


(v—vm)*(v—v5;) (Vig — Pm) 








(v5; —V¥m)*(v— Vm) (v— v4) (v—0¢,)*(943— Pu) (0— Yen) 


In general, this is too complicated to give information of interest. We 
shall consider it first in case p(v) is constant, which is the case we meet in 
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thermal equilibrium, and in most other problems. Then it can be taken 
outside the integral sign. The integrations can then be performed, the 
denominator being developed in partial fractions. The result, after 
averaging over 6, and converting to a fractional contribution, proves 
to be B;. (vm) /B;.;. 

When the external field has a spectral distribution which is not constant 
within the line, there is no physical way of saying just what the char- 
acter of the emitted light should be. If in particular the external field is 
monochromatic and its frequency is appreciably different from the 
natural frequency, it can be seen from the formula above that the emitted 
light consists of two lines of-equal intensity, one with its center at the 
natural frequency, the other with tts center at the impressed frequency, 
the intensity becoming rapidly less as the impressed frequency moves 
away from the natural frequency. If such monochromatic light were 


projected into a gas of atoms of this kind, the external effect would be quite 


different according as the gas showed “‘real’’ absorption or not—that is, 
according to whether there were other methods of going from the upper 
to the lower state than by the probabilities A;.;+J/°B;.;(v)p(v)dv. If 
there were “‘real”’ absorption, this would be much greater for the light of 
the natural frequency than for that of the impressed frequency. The light 
of the natural frequency would be practically completely absorbed inside 
the gas, in a way somewhat similar to the situation in the familiar reversal 
of spectral lines; and the light of the impressed frequency would escape, 
and be interpreted as scattered light. If on the other hand there were no 
“real’’ absorption, and the gas were in the situation where it could emit 
resonance radiation, the light of the natural frequency could escape as 
well as that of the impressed frequency. In experiments at a great 
distance from the absorption line, as has been pointed out in the body 
of the paper, there is no reason to suppose that these results hold. 


JEFFERSON PHYSICAL LABORATORY, 
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THE BALMER LAW AS AN EQUATION OF MOTION 


By LeicH PAGE 


ABSTRACT 


Dynamics of intra-atomic charges.—The attempt is made to provide an atom 
in which the radiating electrons have a unifrequentic motion. Modification 
of the classical conceptions of the electron and of kinetic reaction seem re- 
quired. (1) Differentiation of ‘‘active’’ from ‘‘passive’’ charge of the electron. 
The passive charge (that acted upon by an external field) is supposed to consist 
of a dipole each element of which describes one of the two orbits involved in a 
transition and is acted on by the nucleus according to an inverse first power 
law. The active charge (that which produces an electromagnetic field) is 
assumed to lie on the line joining the two elements of the dipole and to pass 
gradually from one to the other during a transition. (2) Definition of kinetic 
reaction as a space change of velocity. The classical dynamics is replaced by a 
new dynamics in which the kinetic reaction is made proportional to the vector 
difference of the velocities at the same time of two points on the tangent to 
the path of the particle equal distances in front of and behind it. Since the 
active charge is a dipole, the force is proportional to the difference of the 
potentials at two points on the radius vector a finite distance apart. Under 
certain conditions the new dynamics reduces to the classical dynamics. (3) Ap- 
plication of the new dynamics to an atom containing only one electron leads to 
unifrequentic motion in an elliptical orbit with the nucleus at the focus, and 
when the quantum conditions are imposed an orbital frequency is obtained 
identical with the optical frequency deduced on the Bohr theory. The energy 
of the orbit agrees exactly with that obtained on the classical theory. The 
theory is applied to the case where the mass of the nucleus is finite (two body 
problem) and to linear simple harmonic motion, and leads to results identical 
with those of the Bohr theory. This theory accounts for the emission of series 
of the Balmer type and also for the absence of radiation in a stationary state. 


Y THE Balmer Law is to be understood the equation 


oa 
v=C a — 
n? n? 


which, apart from relativity corrections, describes very exactly the line 
series due to atomic hydrogen and ionized helium. The Bohr theory 
leads to this form of law, and enables the constant C to be calculated 
in terms of the charge and mass of the electron and Planck’s constant. 
However, Bohr’s theory seems to be largely formal, in that it does not 
identify the frequency v of the radiation emitted or absorbed with the 
dynamical frequency of the electronic charge producing the radiation 
field. To be sure, v is related to the orbital frequencies w and w’ in the 
two stationary states by the familiar equation 
v=43(nw—n'w’) 
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and for large quantum numbers v converges to w or to one of its har- 
monics. But this makes the difficulty no less serious in the case of small 
quantum numbers, and if v is to be interpreted as a frequency in the usual 
sense (some extremists maintain that v is nothing more than a quantum of 
energy divided by Planck’s constant) it would seem that some revision of 


classical dynamics is required of such a nature as to bring into existence 
a dynamical frequency equal to the optical frequency specified by the 


Balmer Law. In his recent papers Bohr! has not hesitated to introduce 
virtual harmonic oscillators in the effort to furnish such a frequency. 
It seems to the author, however, that the optical frequency has a far 
more substantial claim to reality than the orbital frequencies of the 
Bohr stationary states. The former is actually observed with the spectro- 
scope, whereas the latter are of importance only in so far as they figure 
in the calculations involved in the theory. Indeed, the only property 
of a stationary orbit essential for the computation of optical frequencies 
is its energy, and this is the only property which may be said to have a 
physical basis in that it is measured in experiments on ionization and 
excitation by electronic impacts. The present investigation is an attempt 
to develop a form of dynamics in which the expression for the total 
energy is identical with that given by the classical theory, but in which 
the intra-atomic motions are unifrequentic (no harmonics) and the 
dynamical frequency coincides with the optical frequency as calculated 
on the Bohr theory. The two fundamental postulates of the Bohr theory 
are retained, but the classical dynamics is replaced by a new dynamics. 

A charge has two functions: (1) it produces a field, (2) it is acted upon 
by an external field. The field-producing charge, which is the charge 
appearing in the four field equations of electromagnetic theory, may be 
called the active charge. On the other hand, the charge in its function 
of being acted upon by an external field in which it is placed may be 
called the passive charge. Heretofore the active and the passive charge 
have always been supposed to coincide at a single point in space at any 
given instant, in fact no distinction has been made between the one 
and the other. However it is quite conceivable that under certain 
circumstances they might separate from one another. 

By the equation of motion of a particle we mean the equation 

Kinetic Reaction+ Force =0 

where, in the simpler cases at least, the kinetic reaction is a function of 
the positional vector and its time derivatives, while the force is a function 
of position alone. In the classical dynamics the kinetic reaction is the 


1 N. Bohr, H. A. Kramers, and J. C. Slater, Phil. Mag. 47, 785 (1924) 





BALMER LAW AS EQUATION OF MOTION 431 


negative of the product of mass by acceleration, while the force is the 
simple Coulomb inverse square attraction. 

Confining attention for the moment to the simple case of circular 
orbits, it is clear that if the Balmer law is to be interpreted as an equation 
of motion the kinetic reaction must be proportional to the first power 
of the frequency. But the acceleration is proportional to the square of the 
frequency. Therefore instead of making the kinetic reaction proportional 
to the vector difference of the velocities of a moving point at the times 
t+dt and ¢ as in classical dynamics, we shall make it proportional to the 
vector difference of the velocities at the same time t of two points on the 
tangent to the path of the moving particle at distances }c in front of it 
and 3c behind it. In other words, the moving particle may be imagined 
to possess a short arm of variable length c which orients itself in such 
a manner as to be always tangent to the path, the particle being at the 
mid-point of the arm. Then the kinetic reaction of the particle at the 
time ¢ is proportional to the vector difference of the velocities of the two 
extremities of the arm at the same time ¢. The distance c may be con- 
sidered to be infinitesimal. 


Y 





$ 





x 
Fig. 1 

In classical dynamics the force is proportional to the difference of the 
potentials at two points an infinitesimal distance apart. But the form 
of the right hand side of the Balmer law indicates that in the new dynam- 
ics we must make the force proportional to the difference of the potentials 
at two points a finite distance apart. Such a potential will be called an 
extended potential as contrasted with the contracted potential of the 
classical theory. 

THE KINETIC REACTION 


As we are concerned with the two body problem alone, we may confine 
our attention to motion in a plane. The kinetic reaction is proportional 
to the vector difference of the velocities of the points Q and Q’ a distance 
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c apart (Fig. 1) on the tangent to the path of the particle P. The co- 
ordinates of Q are 


x=rcos ¢+ic sin (¢+y), 


y=rsin @-}c cos (6+y), 
and those of Q’ 


x’=r cos ¢—}ic sin (¢+y), 
y’=r sin ¢+ 4c cos (¢+y). 


Differentiating, subtracting, multiplying by a constant of proportion- 
ality /, and taking components along the radius vector and at right angles 
thereto, the radial component R, of the kinetic reaction is found to be 


R,=Ic|(¢+¥) cos ¥+(c/c) siny], 
and the transverse component R@ is 
Re= Ic|(¢+y) sin ¥y—(c/c) cos vy]. 
Now the condition that c shall be tangent to the path is that 


tany= —r/rp. 
Therefore 


R, = (le,'08)[— v9? f, +0, v6 fo—t, 0? €/c] , 


Ro = (Ic/v*) [v,v6/,—2,2fe—vev2e/c] , 


where v and f are the velocity and acceleration respectively of the particle 
P midway between Q and Q’. In vector notation 


R= (lc v3) [vx (v Xf) —2°(c/c)v]. (1) 


So far the value of c has been left indeterminate. We shall consider 
two cases: 
Case (1). The distance ¢ is directly proportional to the speed v and 
inversely proportional to the distance r from the nucleus, that is 
c= av/r 
where a is a constant. Therefore 


c UNE , 


C v? r 


R= i< (=) (2) 
~  seter 


The quantity al corresponds to mass in classical dynamics, although 
its dimensions are those of the product of mass by length, as will appear 
later. 


and (1) becomes 
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Case (2). The distance c is proportional to the speed alone, that is, 


c=Bv 
where 8 is a constant. Then 


and the kinetic reaction becomes 
R=-—§l dv/dt, (3) 


as in Newtonian dynamics, the product 6/ being the mass. The dynamics 
under consideration is more general than classical dynamics in that it 
includes the latter as a special case. 


THE FORCE 


On the classical theory the force (we are confining ourselves to static 
or nearly static fields) is taken as proportional to the difference of 
potential at two points a constant infinitesimal distance apart. In the 
new dynamics we make the force proportional to the difference of the 
potentials at two points a finite distance apart. If these two points are 
at distances r; and re from the nucleus, the force is 


eZ eZ 
a - 


Lal To 


where e is the electronic charge and Z the atomic number of the element 
under consideration. This is equivalent to considering that we have 
a passive charge e at a distance r,; from the nucleus which is attracted to 
the latter with a force varying inversely with the first power of the 
distance, and another passive charge e at a distance rz which is repelled 
according to the same law. We will suppose that a kinetic reaction of the 
type specified by (2) is associated with each of these passive charges, the 
quantity al being positive for the attracted charge and negative’ for the 
repelled charge. Furthermore we shall assume that for certain orbits, 
selected by the quantum conditions from those which are possible accord- 
ing to the new dynamics, the motion of each of the two passive charges 
is independent of the presence of the other. 

The equation of motion under these circumstances of either of the two 


passive charges is 
d , 
M— , ( 5) 
dt 


* A negative value for al is obtained by subtracting the velocity of Q from that of 
in Fig. 1 instead of subtracting the velocity of Q’ from that of Q. 
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where ./, the mass coefficient, stands for the positive magnitude of the 
product al. The terms in this equation, although we have spoken of them 
as ‘forces’ and “kinetic reactions,’ are of the dimensions of energy. 
Of course they might have been given the dimensions of force by the 
introduction of a constant factor of the dimensions of the inverse of a 
length; such a factor would have no effect other than to replace the 
product al by the product of three constants. 

Formally we conceive of the electron, in so far as it is affected by an 
external field, as a dipole each element of which is acted upon by the 
nucleus according to an inverse first power force. This does not mean 
that the field produced by the electron is that of a dipole, for we are 
concerned here with the passive charge of the electron and not with its 
active or field-producing charge. If, now, the extended potential (4) 
contracts, two results may ensue. First, if the passive charges approach 
to within a constant infinitesimal distance of one another, (4) goes over 
into the Coulomb inverse square law. Second, if the contraction is 
complete, the passive charges coincide and the force on the electron, 
no matter how intense the field in which it is placed, vanishes. Complete 
contraction may account for the absence of deflection when slow moving 
electrons pass through an atom.* 


INTEGRATION OF THE EQUATION OF MOTION 
Writing the two components of the equation of motion (5) separately 


r r—r¢? gl eZ 
wis — “)- ie anaes 


- ’ 
r- r 


M r(ro+2r0) =r =0 


r? 





In the new dynamics the velocity divided by the distance of the 
electron from the nucleus takes the place of the velocity in classical 
dynamics, as is explicitly shown by the expression for the equation of 
motion. We define the rate of doing work as the scalar product of the 
new force by v/r. Therefore, multiplying (6) by #/r and (7) by ré/r 
and adding, 

df il 


2 
3 J. S. Townsend and V. A. Bailey, Phil. Mag. 43, 592 and 44, 1033 (1922); 


C. Ramsauer, Ann. der Phys. 66, 546 (1922); 
R. Minkowski and H. Sponer, Zeit. f. Phys. 15, 399 (1923) 
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Integrating, we have the energy equation 
: v? eZ 
3 M — — ——=constant. (8) 
2 
r r 
It is to be noted that the potential energy has the same form as on 
classical dynamics. As we are interested only in the case where the total 
energy is negative, we shall put —}/k? for the constant of integration. 
Equation (7) integrates at once, giving 


ro=B, (9) 


where B is the constant of integration, instead of Kepler’s law of constant 
areas. Substituting in the energy equation, 


7? = — B°42(e°Z/M)r—k?r?. 


The integral of this is 
r=al1+ecos k(t+y)| , (10) 
where a and € are defined by 
k=V/eZ/Ma, V1—e = MkB/eZ , (11) 
and ¥ is the constant of integration. Substituting this value of r in (9) 
and integrating 
V1—esin k (t+) 


= . 12 
wiih aa 


x=r cos (¢+5) =ale+cos k (t+y)] , 





Therefore 


y=rsin (¢+6) = av/1—e? sin k (t+y) . (13) 


These are the equations of unifrequentic motion in an ellipse of semi- 
major axis @ and eccentricity €, one focus of the ellipse being at the origin. 
Thus the new dynamics leads to identically the same orbits as does the 
classical theory, but the motion in these orbits is unifrequentic instead of 
multifrequentic as in the classical case. 

Returning to the energy equation (8) we may now express the constant 
of integration —4Mk?, which denotes the total energy, in terms of the 
semi-major axis a by means of (11). This gives for the energy equation 

vw eZ eZ 
4}M— —-—=- 


r? r 2a 


(14) 


The total energy, as well as the potential energy, is identical with that of 
an electron traversing the same orbit under the classical laws. 
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THE QUANTUM CONDITIONS 
We define the momentum conjugate to the coérdinate g as the partial 
derivative of the kinetic energy with respect to g/r. Hence the moment 
of momentum in the new dynamics is 
bs = Mro=MakvV1—e, 


and the radial momentum is 


p-=Mr/r. 


Therefore the phase integrals are 
Je=$ MakV1—€do=24MakV1-—@ , 
J,=$M(r/r)dr = —2nMakV/1—€4-24Mak , 
and J=Jo+J,=24Mak=2rV/MeZa (15) 


if k is eliminated by means of (11). 
Hence 
1/a=4n°Me*Z/J* , (16) 


and the energy 
U=—eZ/2a= —24*MetZ?/J* . (17) 
Now . is not the classical mass, in fact it is not even of the dimensions 
of mass. Neither is J of the dimensions of action. Consider, however, 
a virtual electron of classical mass m describing an elliptical orbit of 
semi-major axis a as calculated on the classical laws. Let J be the phase 
integral as calculated on the classical theory. Then, as is well known 


1/a=4n°me’Z/I* . 
Comparing with (16), 
M/sJ2=m/P , 
and U = —2r*metZ?/I* . (18) 
This is the energy, as calculated on the new dynamics, of one of the 
two passive charges comprised in the electron. That of the other is 


U! = —2x?metZ2/T"? . 


The common orbital frequency w of the two passive charges, which 
has been left undetermined up to the present, will be specified by a 
frequency postulate of the form employed by Bohr, that is, 


ho = U'—U, (19) 


where U’ and U are the energies of the passive charges. 
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In order to determine the size and shape of the orbit of each of the 
passive charges, the following postulate suffices: The phase integrals 
as calculated on the classical theory for a virtual electron describing 
the same orbit as a passive charge are positive integral multiples of 
Planck’s constant. 

These two postulates, which are identical in form with Bohr’s postu- 
lates, lead to the following expression for the orbital frequency of the 
passive charges 


2x*me*Z? {1 1 
: ; (20) 
h' n> nn’? 


The mass coefficients M and M’ are easily seen to be 


h n'? 
M =— — 


rk n'?—n? 


h n? 
M’=— -, 
rk n’?—n? 


and for the two passive charges together 
M— M'= h/rk. 


THE AcTIVE CHARGE 


As the field of the nucleus acts altogether on the passive charges com- 
prised in the electron and the kinetic reaction is associated entirely with 
these charges, the motion of the electron as a whole is completely deter- 
mined by the motion of the passive charges. The passive charge nearer 
to the nucleus describes an elliptical orbit of semi-major axis a about the 
nucleus as focus, the more remote passive charge an elliptical orbit 
of semi-major axis a’. These two orbits must be assumed to have the 
same eccentricity, for otherwise the line joining the two passive charges 
would not at all times coincide in direction with the radius vector. The 
motion of each passive charge is unifrequentic with the orbital frequency 
w given by (20). 

The active charge will be supposed to lie on the line joining the two 
passive charges. Denote by p the ratio of its distance from the outer 
passive charge to the distance between the two passive charges. Then 
p will be supposed to remain sensibly constant during a single revolution. 
Therefore the motion of the active charge will be unifrequentic, and 
the optical frequency of the radiation emitted by it will be equal to the 
orbital frequency (20). In the process of emission p may be supposed 
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to increase gradually from zero to one. Thus the active charge passes 
gradually from the more remote passive charge to the nearer passive 
charge. This passage constitutes a transition from one energy level to 
another. 

So far, attention has been confined to the transition. At the end of the 
transition, that is, when the active charge has reached the inner passive 
charge, the outer passive charge may be supposed to jump over to within 
a constant infinitesimal distance of the inner passive charge. The force 
on the whole electron, then, would become the Coulomb inverse square 
force. If at the same time the distance ¢ appearing in the kinetic reaction 
took on a value proportional to the speed, the dynamics of the electron 
would become that of the classical theory. 

On the other hand, it might be supposed that at the end of a transition 
the extended potential became completely contracted. Then the force 
on the electron would vanish. If equation (20) should hold during this 
contraction at the end of the transition, ”’ would approach m, and the 
active charge would continue to describe an orbit of semi-major axis 
equal to that of the inner passive charge with diminishing frequency 
until it came to rest. In the stationary state, the electron would be 
completely at rest, and the difficulty encountered in explaining the 
absence of radiation in this state would be removed. The next transition 
would occur as a result of a jump of the attracted passive charge to an 
orbit yet nearer to the nucleus. 

The phase integrals involved in quantizing the orbit of the outer passive 
charge and the energy U’ of this orbit made use of in the frequency 
condition refer to the orbit at the start of the transition, while the phase 
integrals and energy U of the inner orbit refer to the end of the transition. 
While this specification is superfluous in the case of the one body problem 
under consideration, since the phase integrals and energy of each passive 
charge remain constant during the transition, it will be found to be im- 
portant in the case where the mass of the nucleus is finite. 

While the eccentricities of the elliptical orbits of the two passive 


charges are the same at any one instant, this common eccentricity may 


change during the transition. 
NUCLEUS OF FINITE MAss 


As the mass of the nucleus is not infinite, electron and nucleus revolve 
about their common center of mass. Let O be the center of mass of the 
system, e the active charge and q; and q2 the passive charges of the 


* During absorption, of course, p decreases from one to zero. 
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electron, and Ze the active and Q; and Q, the passive charges of the 
nucleus. Denote the mass coefficient of the electron by m and that of 
the nucleus by /. Then we shall assume that 


o=m,/M,=m2/M,=R/r=Ri/r,=Re/re . 


Put d for the distance rz—1r, between the passive charges gz and qi, and 
D for Re—R,. Then 











Fig. 2 


Now if p; is the ratio of the distance of the active charge of either 
electron or nucleus from the inner passive charge to the distance between 


the two passive charges, and pe the ratio of its distance from the outer 
passive charge to the distance between the two, 


r=r,+ pid = re—ped, 
R=R,+p,D= R,— p2D, 
where 


Therefore 


= 61", 
0,R,, 


Bef 2, 


1 
r+R,= { 1+} Re = O2R2. 


o(1+p27) 
The forces on the passive charges g; and Q; are 
Pail tf tee ies 
R+r; Or; 
Ze* Ze* 


Fo,=(—1) =(—1)i'— _, i=1, 2. 
” ( se ( YOR. 


? 
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The distances c; and C; occurring in the expressions for the kinetic 
reactions associated with the passive charges of electron and nucleus 
respectively are 


Therefore the equations of motion are 


m; ad ( Vi ) eZ 
6; dt rj Or; 


M; d V; } ‘ 
ote “(= ) -, @#=1,2. (22) 
0; dt R; pANG 1 


These lead to unifrequentic motion with the frequency defined by 


ay ay ey A, ™ 
= f ———— = / ——_ == —_—_—_—_—_—, ( t 
ma; V MA; V ui(a;+A,) 


where a; and A, are the semi-major axes of the orbits of the passive 
charges g; and Q; respectively, and 


1 1 | 


us me My 


It is clear from (23) that it was necessary for the radtt vectores to be in 
the inverse ratio to the mass coefficients as originally assumed. Otherwise 
the orbital frequency of the nuclear passive charges would not be the 
same as that of the electronic passive charges. 
To obtain the energy equations it is necessary to form the scalar 
products of (21) with v,/6;7; and (22) with V;/0;R;. This gives 
1 m; 2,7 eZ eZ 





2 6;? r? 6.77; 26 7a; 
M; V2 e@% eZ 
602 R2 OR; 7 202A; 





5 3 


As 6; and H, are functions of p; and 62 and He are functions of p: the 
energy of a pair of corresponding passive charges does not remain con- 
stant during a transition. The energy U2 appearing in the frequency 
condition is the energy of the passive charges gz and Q- at the beginning 
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of the transition, that is, when p2=0, and U, is the energy of qg; and Q, 
at the end of the transition, that is when p;=90. In either case 


U;= —e&Z/2(a;+Aj) . (24) 
The momenta are 
rj 
1 
in it . j Ry 


0; ; RR, 


The phase integral J; is to be evaluated for pp=0 and J, for p, =0. 
In either case 


ma; MA, are eee 
J; eae 2 [ae =| k= 2auj(a;+A dk=2rVJ/uie*Z(a;+A,) ’ (25) 


if k is eliminated by means of (23). 

The application of the quantum conditions from this point on is exactly 
the same as in the previous case in which the mass of the nucleus was 
assumed infinite, provided the mass coefficient of the electron is replaced 
by uw. The resulting frequency is identical with that obtained on the 
Bohr theory. 

It may be noted that the law of action and reaction holds at the 
beginning and at the end of the transition. 





LINEAR SIMPLE HARMONIC MOTION 


This type of motion does not occur in the two body problem, and 
therefore is somewhat outside of the scope of the theory as developed 
up to this point. We may, however, treat this form of motion by con- 
sidering an electron free to vibrate along the axis of a massive positively 
charged ring. If the amplitude a of the electron’s motion is small com- 
pared to the radius } of the ring, the motion would be expected, on the 
classical theory, to be approximately simple harmonic. 
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Let g and q’ (Fig. 3) be the passive charges of the electron. The force 
on gq is 
F = —(eE/b*)x , 


where E is the positive charge on the ring. The kinetic reaction is 


R rf —#0)/22 al f x ) =. 
= —al(rf—#v)/r?= ——[ f——x*?} =—-—f, 
b b° b 
as the second term in the parenthesis is negligible compared to the first, 
to the degree of approximation considered. Therefore the equation of 


motion is 

M = eE 9 26) 
—x+—x=0, ( 
b b? 


of which the solution is 
x=a cos k(t+y¥) 
where 


k= VeE/bM . (27) 


The energy equation is obtained by multiplying (26) by x/b and inte- 
grating. It is 
1M. 1eE 1 cE 
—- —z?+—-— —z*=-— —¢’. (28) 
2 6? 2 BF 2 8 
As before, the potential energy and the total energy are identical with those 
obtained on the classical theory. 


To calculate the phase integral we have 
p=(M/b)%= —(M/b)ak sin k(t+7), 
dx=—ak sin k(t+y)dt , 


J= g¢ pdx =2(M/b)a*k = 1(a?/b*!*)\/MeE , (29) 


if k is eliminated by means of (26). 
Hence the energy Ss 
J eE 
ae — (30) 
2xb3/? M 
But for a virtual electron of classical mass m describing the same orbit 
under the classical laws 


I = x(a?/b3!2)\/meb . 


Comparing with (29) 
M/J?=m/I* , 
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as before, and 


I eE 
v= —. (31) 
2rb3/2 m 


The computation of the frequency is identical with that of the Bohr 
theory and need not be given in detail. It leads to 


k 1 eE 


o=-— = 
2x Qn m b’ 


(32) 


for a one quantum jump, which is all that is allowed by the correspond- 
ence principle. This is identical with the frequency predicted by purely 
classical theory. Comparing with (27) it is seen that the mass coefficient 
is 

M = mb? 
for each passive charge. 


SLOANE Puysics LABORATORY, 
YALE UNIVERSITY, 
December 22, 1924. 
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THE INTENSITY OF THE SCATTERING OF X-RAYS 
BY RECOILING ELECTRONS 
By Y. H. Woo 


ABSTRACT 


Theoretical calculation of the intensity of scattering of x-rays by recoiling 
electrons.— (1) On the Compton hypothesis of moving electrons with a velocity in 
the direction of the incident ray equal to ca/(1+ a), where a=h/mcXo, a calcu- 
lation according to the usual electrodynamics when correlated with Compton's 
previous result, gives the same total scattering as that obtained by Thomson. 
The fact that experiments with very short wave-lengths do not agree with this 
result shows that Compton's hypothesis is not satisfactory without further 
modification. (2) Jf we assume the virtual moving oscillators proposed by Bohr, 
Kramers and Slater, in view of the similarity of these to moving electrons, the 
result is the same, and the lack of agreement with experiment indicates that 
the exact form of the correspondence principle set up by these authors fails 
to answer the intensity problem in the scattering of x-radiation. 


1. INTRODUCTION 


N his quantum theory of the scattering of x-rays' A. H. Compton 
emphasizes the analogy between the change of wave-length of the 


ray scattered by the recoiling electron and the classical Doppler effect 
of radiation from a moving source. As Compton points out, the change 
in frequency of the scattered radiation is the same as if the ray were 
scattered by electrons moving in the direction of propagation with a 
velocity cB, where B=a/(1+a) and a=hy,/mc*, v. being the frequency 
of the primary beam, / Planck’s constant, c the velocity of light, and m 
the mass of the scattering electron. He calls c8 the effective velocity 
of the scattering electrons. 

Assuming that all the scattering electrons are moving in the direction 
of the incident beam with an effective velocity c8, and applying probabil- 
ity considerations to the emission of quanta from them, Compton deduced 
expressions for the intensity J, of the scattering at any angle @ with the 
incident ray, and for the total scattering absorption coefficient ¢, which 
have recently been put to experimental test by several investigators.* 

In the present paper a calculation is made of the scattering according 
to usual electrodynamics on the basis of the same hypothesis as that 
assumed by Compton and it may therefore be regarded as a supplement 

1 A. H. Compton, Bull. Nat. Res. Council, No. 20, p. 19 (1922); and Phys. Rev. 21, 
207 and 483 (1923). 


2N. Ahmad and E. C. Stoner, Proc. Roy. Soc. A 106, 8 (1924); E. A. Owen, N. 
Fleming and W. E. Fage, Proc. Phys. Soc. London 36, 355 (1924). 
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to a part of Compton’s work. In view of the similarity between the 
moving scattering electron just mentioned and the virtual moving 
oscillator suggested by Bohr, Kramers, and Slater,’ the scattering by 
the latter will also be discussed. 


2. THE SCATTERING OF X-RAYs BY MoOvING ELECTRONS 


Let us consider two reciprocal Euclidean systems S and S’, such that 
all the points of S’ have the same constant velocity c8 relative to S. 
Let a set of right-handed axes X YZ be fixed in S so that the X axis has 
the direction of the velocity of S’. Let a similar set of axes X’Y’Z’, 
parallel to X YZ respectively, be fixed in S’. With respect to S’ the 
scattering electrons are at rest. 











Fig. 1. Electric and magnetic vectors in S*. 


Imagine, as in Fig. 1, that an electron at the origin O is accelerated by 
an incident beam which has its electric vectors E,’ and E,’ along Y’ and 
Z' axes respectively. It is desired to determine the values of the scattered 
electric and magnetic fields E,’ and H,’ due to this accelerated charge 
at a point P distant r’ from O at a time r’/c, and also the corresponding 
electric and magnetic fields E, and H, in S at the same instant. Since 
the velocity of light is the same in the two systems, the time at P will 
be r/c in S when it is r’/c in S’. Hence the result of the transformation 
about to be carried through will give E, and H, at the time r/c. 


* N. Bohr, H. A. Kramers, and J. C. Slater, Phil. Mag. 47, 785 (1924). 
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Let 6’ be the angle in S’ which the line OP makes with the X’ axis. 
Without loss of generality this line may be supposed to lie in the X’Y’ 
plane. Let Es,’ and Ese’ be the electric vectors of the scattered radiation 
at P due to the actions of EF,’ and E,’ respectively. Then 

Exn'=E,/e*cos 0'/me*r’ , (1) 
Ex! = E,/e?/mce*r’ . (2) 
The Lorentz-Einstein transformations give 
x’=r'cos 0’ =kr(cos @—B) , 
y’=r'sin 0’=r sin 8 ; 
whence r’=kr(1—B cos 8) , 
cos 0’ = (cos @—B)/(1—8 cos 8) , 
sin 6’=sin 0/k(1—8 cos 8) , 
where k=1/V/1-8?. 
By the well-known transformation equations for F,’ and £,’ and taking 
account of the relations Fy =J/, and £, = —H,, we obtain 
E,’ =kE,(1—8) 
E,'=kE,(1—8) . 

Substituting the values for E,’, E,’, r’ and cos @’ given by Eqs. (3) and 

(4) in Eqs. (1) and (2) and reducing, 


(4) 





Ex’ (5) 


meer (1—8 cos @)° 


e°E, (1—8) 
mc*r (1—B8 cos 8) , 

Referring to Fig. 1 we see the directions of the vectors Es,’, Hs;', Ese’, 
and J7,’, where J/,;' and H,s’ are the magnetic fields of the scattered 
radiation at P due to the actions of E,’ and E,’ respectively; and, of 
course, Ey)’=H,;' and FE...’ =H,’ as regards their magnitudes. 

Since £,’ and JJ,’ are supposed to be the total electric and magnetic 
vectors of the scattered beam at point P, it can be readily seen that 

E,,' = En'sin 0’ , 

E,,'= — Ex'cos @ ’ 

E,,' = — Ex! ’ 

H,2' = — He'sin 6’ = — Ex'sin & , 

H.,'=—He'cos = En'cos 6 , 

H,,’= — He’ = — F,,’ 


Ex’ = 











SCATTERING OF X-RAYS 447 


where E,,’ and H,,’ represent the x-components of £,’ and H,’ respec- 
tively and so forth. 
Making use of Eqs. (7) and transforming from S’ into S, we have 
E,, = Ex’ sin @’ , ) 
E,, = — kEu'(cos @’+8) , 
E,, = — kEx'(1+ cos 6’) ; 


H,,= —En'sin &’ , 
H,, = kExn'(cos 6’+8) , (9) 
H,, = — kEu'(1+8 cos 0’) ; 
From Eqs. (8) 
E.2=E,.2+ Ey,2+ Exs? = k41+6c08 0’)?(En’?+ En?) « (10) 
Similarly, we find from Eqs. (9) that 
H,*=E,? or H,=E, , (11) 
as they should be. 
On substituting the values of E,,’ and E.»’ from Eqs. (5) and (6) we 


=F) Ul ni (cos 0—8)*E,*+(1—8 cos 0)°E,*} . (12) 
(1—8 cos 6)*® 

Now we proceed to calculate the energy radiated from the scattering 
electron. Describe about the origin a sphere of radius r. Consider an 
element do of the surface of this sphere such that the radius vector 
drawn to it from the origin makes an angle @ with the X-axis. The 
energy in the primary beam which passes O in a time dé and is scattered 
in the direction of this radius vector by a moving electron starting from 
O, will reach the surface of the sphere at a time r/c and will take a time 


(1—8 cos @)dt/(1—8) 
to pass through this surface, where c8 is equal to the velocity of the 
scattering electron in the X-direction. Hence, as the flow of energy per 
unit cross section per unit time is given by Poynting’s vector as 

oJ, =(c/4r) [EH] , 
where the small square bracket indicates a vector product, the energy 


passing through do during the time dt is given by 
Rdi = &,do(1—8 cos 6)dt/(1—8) . 


Therefore the energy flux is equal to 
_ Rdt c ‘ (1—8 cos @) 


§=—=— 


dodt 4x ~=—‘(1—8) 
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Combining this relation with Eq. (12) and taking account of the fact 
that on the average 
E,?=E?=}E? ; 
we find ae 
Mein € 1 ll 8) (1—8) 
4a m*cir* (1—8 cos 6)5 








{ (cos @—B)?+(1—6 cos 6)*} . (14) 


The energy flux in the incident radiation is given by 
o) = (c/4r|EH|=(c/4r)E* . 


If intensity is defined as the amount of energy per second per unit area, 
then the ratio of the intensity J, of the radiation scattered at an angle 
6 to a distance r, to the intensity J of the primary ray, must be equal to 


e# (1-6?) (1-8) 


T,/T=e%., oS (1—8 cos 6)5 





{ (cos @—8)?+(1—B cos 6)?} ; (15) 


Let N be the number of free electrons which are effective in scattering, 
then, substituting for 8 its value a/(1+a) and reducing, we have 
Ne(1+2a) {1+cos@+2a(1+<a) (1—cos 6)*} 


I,=I1 . 16 
: 2m*ctr? {1+.a(1—cos 6) }$ {16) 





In the forward direction, where @=0, the intensity of the scattered beam 
is thus 


Ne*(1+2a) 


mcr? 


(17) 


0 
From Compton’s calculation the intensity of the ray scattered at 
6=0 is* 
3 nhvo 
Ihb=— (1+2a) , (18) 
8x r* 
where » is the number of quanta scattered per second. In spite of the fact 
that for a ray scattered directly forward the velocity of recoil is zero, 
we should, on the hypothesis of the moving scattering electron, identify 
Eq. (17) with Eq. (18). Thus 
8x INe* 
n=— —, (19) 
3 hvem*c* 
Following Compton’s argument we find that the scattering absorption 


coefficient is 
nhyo Sr Net 
c= = =d0, (20) 
I 3 m*c* 





* Compton, loc. cit.' p. 493, Eq. (24). 
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where JN is the number of scattering electrons per unit volume, and gy is 
the scattering coefficient calculated by J. J. Thomson.® 

The total energy truly scattered can be obtained by integrating J, 
given by Eq. (16) over the surface of the sphere surrounding the scatter- 
ing material, i.e., 


. ; 8x INe* 1+a a 
a= fi, * 2rr*sin 640 = — : a 
3 m*ct 14+2a 








0 
Hence the true scattering coefficient is 


8x Net 1+a 1+a o 
=>— =d09 . (21) . ‘a 
3 m*c* 142.2 1+2a y 





os 


The difference between o and @, is termed by Compton the coefficient ae 
of true absorption due to scattering, which has its value 









a 22) gr 
1+2a ( 4 





Og=T—6,=4) 

























It is seen that according to the present calculation Compton’s hypoth- 
esis leads to a value for the scattering absorption coefficient exactly 
equal to that calculated by Thomson. This is not successful in accounting 
for the experimental results for hard x-rays and y-rays and, therefore, 
indicates that Compton’s postulate is not satisfactory without some 
modification. However, from the above results it seems quite possible 
that by making a different assumption about the motion of the scattering 
electron a different value for ¢ could be obtained. A slight aiteration 
of Compton’s hypothesis might thus give results in accord with experi- 
ment. 


3. THE SCATTERING OF THE RADIATION BY THE VIRTUAL 
MOVING OSCILLATOR 





Bohr, Kramers and Slater* have recently put forward an alternate 
interpretation of the Compton effect. According to these authors’ view ; 
the scattering of the radiation is considered as a continuous phenomenon 
associated with the emission of coherent secondary wavelets by each 
of the illuminated electrons. The reaction from each electron on the 
incident radiation field is similar to that to be expected on the usual 
electrodynamics from an electron executing forced vibrations under the 
action of the illuminating field and moving with a velocity equal to that 
of the imaginary moving source postulated by Compton. At the same Ee 


5 J. J. Thomson, Conduction of Electricity through Gases, 2d ed., p. 325. 
* Bohr, Kramers and Slater, loc. cit.? p. 799. 
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time, however, these authors assume that the illuminated electron 
possesses a certain probability of taking up in unit time a finite amount 
of momentum in any given direction so that a statistical conservation 
of momentum is secured in a way quite similar to that in which is obtained 
the statistical conservation of energy in the phenomena of absorption of 
light, discussed by them in the same paper. 

As is well known, in the case of the spectrum problem, Bohr’s cor- 
respondence principle has led to comparing the reaction of an atom on 
a radiation field with the reaction it would have on a field which on the 
classical electrodynamics should be produced by a set of virtual harmonic 
oscillators having frequencies corresponding to the various possible 
transitions between stationary states. Similarly in the case of the 
scattering, the picture of Bohr, Kramers and Slater naturally leads 
to the conclusion that the intensity of the scattered radiation should be 
distributed in the same way as that of the scattering from the above- 
mentioned virtual moving oscillator. In view of the analogy between 
such an oscillator and the scattering electron discussed in section 2, 
the calculation of the scattering given there is obviously applicable here. 
Thus Eqs. (16) and (21) give respectively the intensity of the scattering 
by the virtual moving oscillator at an angle @ with the primary beam, 
and the total scattering coefficient. 

On the hypothesis of the moving oscillator it seems necessary to take 
account of the work done by the radiation pressure of the incident beam 
on the scattering electron as well as the scattered energy. This work, 
of course, represents a type of true absorption resulting from the scatter- 


ing process. It takes the place of what on Compton’s theory is the 


kinetic energy of the recoiling electron. A possible way of doing this is 
to adopt the method attempted in section 2. As already pointed out, such 
a calculation leads to results not in accord with experiments. 

Now let us turn our attention to the true scattering coefficient given by 
Eq. (21). This certainly fails to account for the very recent experiments 
on the scattering of y-rays by Ahmad and Stoner, and by Owen, Fleming 
and Fage.? It has a value as low as o/2 only in the limit when a= , 
whilst the total atomic absorption coefficient for hard y-rays has been 
found to be only of the order of o)/4. This appears to make Eq. (21) 
incompatible with the observed facts. 

The failure to answer the intensity problem certainly is a difficulty 
in the way of Bohr, Kramers, and Slater’s interpretation of the Compton 
effect. Incidentally this seems to point favorably to the conclusion that 
the scattered radiation occurs as definitely directed quanta rather than 
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as spherical waves, because, basing his discussion on the former idea, 
Jauncey has deduced satisfactory expressions for the scattering.’ 


4. FINAL REMARKS 


On Compton’s hypothesis the scattering of polarized x-rays is just 
a special case of the problem considered in section 2. Proceeding as in 
that section and assuming that the electric vector of the incident ray is 
in the X’Y’-plane, we find that the electric vector of the scattered radia- 
tion at P in Sis given by 

e? kE(1—B) (1—6*) 


E,=— 0s 0—B) , 
mc? r(1—B8 cos 6)* neh 





and the intensity of the ray scattered at an angle @ to a distance r is 


ef (1422) {(1+a)cos 6—a}? 





I,=1—_ _ ——_——— 
mcr? {1+a(1—cos 6) }5 


(23) 


Putting @=7/2 in Eq. (23) we have the intensity /,, in the direction of 
the electric vector, while putting @=0 we have the intensity J) scattered 
in the direction perpendicular to the electric vector. The ratio J,,/J» is 
not zero as it should be according to the classical theory. 

From Eq. (23) it is seen that J, is not equal to zero except 0=4,, where 


cos 0,=B=a/(1+a). 


This agrees with the result obtained by Jauncey from his corpuscular 
quantum standpoint. 

In conclusion, the writer wishes to express his sincere thanks to Prof. 
A. H. Compton for suggesting the problem, and for constant advice 
and helpful criticism. 


RYERSON PuysicaL LABORATORY, 
UNIVERSITY OF CHICAGO, 
December 10, 1924 


. 


*G. E. M. Jauncey, Phys. Rev. 22, 233 (1923). 
*G. E. M. Jauncey, Phys. Rev. 23, 313 (1924). 
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PRIMARY AND SECONDARY PRODUCTS OF 
IONIZATION IN HYDROGEN 


By H. D. Smytu* 


ABSTRACT 


Previous results obtained by the magnetic deflection method of analysis 
have been extended, using a new but similar apparatus in which ions produced 
by accelerated electrons are accelerated through a slit into a chamber where 
a magnetic field bends them around a semi-circle whose radius depends on the 
speed, field and ratio of mass to charge. Those going into a Faraday cylinder 
are measured by means of an electrometer. The conclusion that ions produced 
at 16 volts are diatomic is confirmed, but no evidence of simultaneous ioniza- 
tion and dissociation, which was previously thought to occur for voltages 
above 20.2, is obtained. However, atomic ions H* are readily produced by 
secondary dissociation of molecular ions H;* even when the maximum electron 
energy is just above 16 volts. Triatomic ions H;* aiso appear in large numbers 
as secondary products, for any voltage above 16. A mathematical theory 
of the dependence of the relative numbers of H:* and H* ions on pressure, 
gives curves in general agreement with experiment and leads to the con- 
clusions that the probability of dissociation of H,* is about 15 times the 
probability of a collision with a molecule according to the ordinary kinetic 
theory, and that the probability of the formation of H* by dissociation is 
greater for H.* than for Hs*. The processes involved in ionization followed by 
dissociation are discussed, and it is shown that the apparent discrepancy 
between the heat of dissociation computed from the ionization potentials and 
lLangmuir’s result for the heat of thermal dissociation may perhaps be explained 
by the energy radiated, which is at present unknown. 


INTRODUCTION 


N a series of papers,' the writer has described experiments designed 

to study the products of ionization by impact of slow electrons in 
various gases. The ratio of mass to charge of the ions produced in an 
ionization tube was measured by the method of positive ray analysis and 
the relative numbers of different types of ion produced under different 
conditions were compared. In all the polyatomic gases studied it was 
found that the first ionizing potential corresponds to ionization of the 
molecule without dissociation. In particular, results in hydrogen indicate 
that ionization of molecules by sixteen volt electrons is not accompanied 
by dissociation but that dissociation of the diatomic ions may follow as 


* Sometime National Research Fellow. 

1H. D. Smyth, Proc. Roy. Soc. A 102, 283-293 (1922); 104, 121-134 (1923); 105, 
116-128 (1924); Nature 111, 810 (1923) and 114, 124 (1924); Jour. Frank. Inst. 198, 
795-811 (Dec. 1924) 
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a secondary effect. Since this conclusion was contradictory to the 
prevailing notions of the ionization processes in hydrogen, further in- 
vestigation was undertaken. 

The confirmation and extension of the earlier results has been reported 
briefly in Nature’ and will be discussed in detail in the present paper. 
Moreover, certain theoretical considerations regarding the effect of 
varying conditions in the ionization tube will be developed. Therefore, 
although the method used is almost identical with that described else- 
where, it is desirable to recall it in some detail. 
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Fig. 1. Apparatus. 
APPARATUS AND METHOD 


The diagram in Fig. 1 is a schematic representation of the experimental 
tube. It is drawn approximately to scale except that the distances 
F to E, to Ey to E; have been exaggerated. The electrodes and slit system 
divide the tube into five different regions which have been designated 
R,, Re, . . . Rs for convenience in discussion. The filament F is of 
tungsten or oxide coated platinum, while the electrodes E,, E, and E; are 
platinum, copper and soft iron respectively. E, is sealed to the inner glass 
tube so that the only communication between R, and R; is through 5, 
a slit of .1 mm width. The slits S2, S;, and S, are .2, 2.0 and 2.0 mm in 
width. The cylinder enclosing R, is of soft iron so that this region is 
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shielded from the magnetic field in R;, which is between the poles of a 
powerful electromagnet. The regions R;, Re and R; are also carefully 
shielded from this field. 

As shown by the feathered arrows, gas flows down the inner tube, 
diffuses through the slits and is pumped out at B and C, each of which 
is connected to a diffusion pump through liquid air traps, etc. A McLeod 
gauge is connected to the tube by which the yas enters and should 
measure very nearly the pressure in the regions R; and Re. Hydrogen 
was generated by electrolysis of barium hydroxide, and stored over 
phosphorous pentoxide. It was admitted to the apparatus through a 
fine capillary leak, passing on the way over more phosphorous pentoxide 
and through a U-tube immersed in liquid air. By the use of copper-to- 
glass seals de Khotinsky cement is eliminated except on two ground glass 
joints which allow the removal of the entire inner tube or of the filament 
stem and which never become warm. So far, no attempt has been made 
to ‘bake out” the tube. 

Let us turn now to the electrical arrangement and consider the ioniza- 
tion phenomena which occur. The arrows indicating the electrical fields 
due to the potential differences 1;, V2 and V; are drawn in the direction 
in which an electron moves. If V; is sufficiently great, electrons from 
the filament will make ionizing collisions with gas molecules in the regions 
R, and R:» and in general a few may get through into R3, but in the cases 
with which we are concerned the magnitudes of V;, Ve and V3 are such 
that ionization in R; may be neglected. Further, any positive ions that 
are formed in R, will go to the filament and therefore do not interest us. 
Consider, however, positive ions formed in the region Re. Some of these 
will pass through the slits S;, Sz and S; and then enter the region R; with 


energies between eV’; and e( 12+ V3) or velocities v between V2V3e/m and 


V2(V2+V3)e/m if e is the charge and m the mass of each ion. In R; 
they are subjected to the action of the magnetic field 7 and will be bent 


in semicircular paths of radii given by the relation p=mv/elH. For a 
constant field and radius, the value of e, m for an ion must be >2V3/H"p? 
and <2(V3;+V-)///*p* or the accelerating voltage must be }H%p*(e/m) 
in order that it may travel in such a path that it passes through S, to the 
Faraday cylinder, bringing a positive charge to the electrometer. If, 
therefore, a number of different kinds of ion are produced in R, then 
corresponding to the value of m/e for each there will appear a maximum 
in the current to the electrometer observed as a function of V3, with other 
conditions constant. The results of such an experiment are plotted in 
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Fig. 2 where the abscissas are m/e«1/(V2+ V3) and the ordinates cur- 
rent to the electrometer. 

The shape and the exact position of each peak will be determined by 
conditions in Re. Since the electrons will lose their ability to ionize as 
soon as they have been retarded by a fraction of V2 given by xV2= Vi— Vo 
where V> is the ionizing potential, clearly the width of a peak is pro- 
portional to xV2/(V2+ V3). Also, since the greatest number of collisions 
is near E, and the probability of ionization at a collision is proportional 
to (V—Vo)/V the greatest number of ions will be produced near £;, so 
that the peak will not be symmetrical but will fall off more gradually for 
higher values of V3. This consideration may be modified somewhat by 
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Fig. 2. Run No. 74. V, =25 volts; V2=5 volts; = 150-160 microamp.; p =.043 -.039mm 


the greater chance of ions produced near EF, getting through the S,. If 
the greatest number of ions come from some point between FE, and Ez 
the 1/(V2+ V3) scale will give too small a value of m/e and the error will 
be the greater, the greater V2/V;. These effects may be observed in the 
curve in Fig. 2 and to a varying extent in the later figures. 

Now let us consider secondary effects such as might be caused by 
production or modification of ions by collision with other ions or mole- 
cules. Suppose that the ions formed by the primary electrons are X.* but 
that they may each be converted at any point along their path into 
X*++X_ by collision with another molecule. If this occurs anywhere 
in Re a peak will result at a value of 1/(V2+ V3) appropriate to ions of 
me=4X-* and this peak will be nearly as sharp as if the X* ions were 
a primary product, but should be slightly shifted toward larger values 
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of 3. The same remarks apply to any new ions produced by these 
secondary collisions. For conversions of X_*+ to X* occurring in Rs; or for 
new ions produced there, the V3 required to give the new ions the neces- 
sary radius of curvature in the magnetic field will vary rapidly and 
continuously so their effect will be merely to increase stray current 
between peaks. For collisions in Ry, on the other hand, the case is 
different; the X.+ ions have now fallen through the entire electric field 
but do not enter the magnetic field until they pass S;. If they are to 
enter at S» as X2* and emerge at S; as X* and yet be bent around to the 
Faraday cylinder P, they must have fallen through a potential drop 
(V2+V;) four times as great as would be necessary for ions which 
remained XY,” throughout, since for the same radius of curvature their 
velocity must be twice as great. Moreover, since a conversion anywhere 
in R, would have the same effect a peak might be expected corresponding 
to an me value 14 that for X.*. Similarly reasoning may be applied to 
conversions of different primary ions and may include secondary associa- 
tions as well as dissociations. 

It may seem absurd to suppose that ions can be disrupted by collision 
in R, and yet retain their speed and direction sufficiently to get through 
S; and around to the Faraday cylinder, P. A much more natural supposi- 
tion is that any collision in this region merely scatters the ion out of the 
beam so that it never reaches P at all no mater what its velocity is when 
passing S». This was the position taken by the writer in his early work 
but it is untenable in the light of the peaks appearing in hydrogen at 
m/e=1o5 and 14, examples of which are shown in Fig. 2. The evidence 
that these are effects of the type just described will be discussed presently. 

In the last few paragraphs we have described various possible ionization 
processes which may occur in our apparatus with reference to the general 
character of the curves to be expected. No mention has been made of 
relative intensities. It is obvious that these will depend on the pressure 
and electric fields but these questions may be studied more profitably 
in connection with the new experimental evidence. 

RESULTS ON THE EFFECT OF PRESSURE 

Previous experiments indicated that the only primary product of 
ionization in hydrogen is He*, a positively charged diatomic ion. This 
conclusion is entirely confirmed by the present work in which curves of 
the type of A Fig. 3 were obtained at low pressures. At the lowest 


pressure used, .00032 mm, H;* had entirely disappeared though a trace 
of H* still persisted. However, the relative intensities of H* and the 


secondary H»_; peaks in curve A Fig. 3 suggest that even at these low pres- 








PRODUCTS OF IONIZATION IN HYDROGEN 457 


sures the H* is due to the break up of H.*, which appears to be very un- 
stable. It is also plain that the production of H;* ions is a secondary 
effect. 

Curve B in Fig. 3 taken at p=.053 mm shows the H,* peak almost 
suppressed but H;* and H* strong. This is in harmony with the earlier 
work though then no attempt was made to study H;* at high pressures 
so that the conclusions were incomplete. In Fig. 4 the intensities of Hs", 
H.* and H* are plotted against pressure, all other conditions remaining 
the same. The two solid line curves are computed theoretically for H2* 
and H*. In the case of H,* the agreement with experiment is so good that 
no additional curve was drawn; the results are indicated merely by 
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Fig. 3. 
‘urve A, Run No. 54. V;=25 volts; V;=9 volts; = 130-140 microamp.; p =.0007 mm. 
Curve B, Run No. 45. V; =25 volts; V2=9 volts; i= 130 microamp.; p = .0542--.0515mm. 





circles. For H*+ and H,* the experimental points are joined by dotted 
lines and in the case of H;*+ no theoretical curve was calculated. Before 
proceeding to the analysis which leads to the theoretical curves given, 
further qualitative evidence on the dissociation of the H.* and H;* ions 
will be considered. 

As has already been mentioned the peaks at m. e=} and m/e=4 are 
attributed to H* ions resulting from H.* and H;* ions that have broken 
up in R, after passing through the electric field. Therefore, they may be 
conveniently designated Hz", and H;’,. If this idea is correct, the 
intensity of these peaks relative to the H2* and H;* should be greater 
it the pressure in R, could be increased without altering other conditions. 
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This was actually done in run 28 by stopping the pump that operates 
through C. As is shown in Table I, columns 3 and 4, there was a marked 
increase in the intensities of Hs’, and a. relative to H2+ and H+ 
compared to runs 26 and 29 taken under conditions otherwise identical. 
Further, with all pumps going, at higher pressures, their relative in- 
intensities were much greater. This may be seen from columns 3 and 4, 
Table |. Finally, the variation of their absolute intensities was always 
parallel to that for He+ and H;+. The conclusion is, therefore, that these 
peaks are due to the break up of H.* and H;* ions in Ry. But it is obvious 
that they represent only a small fraction of the disruptions that take place 
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Fig. 4. V,=25 volts; V:=9 volts; i=120-150 microamp. 


since usually the ions produced by such disruptions will not keep on 
through S;. Thus, if V be the number of ions entering S:2, /; be the 
distance S» to S3, 12 the length of the semi-circular path S; to S, and p, 
the average pressure in R, and R;, then 

A(Het) New? tiitiz) ns 

A(Het_1) « N(1 err) 


if we neglect the possibility of H+ being removed by collisions in Rs 
and use€ m2 to denote the number of disrupting collisions suffered by an 
H;* ion per unit path at unit pressure. The difficulty of estimating p 
makes it hardly worth while to go into the calculations. Suffice it to say 
that if p be taken as one tenth the pressure in R, and 1/mz be taken as the 
molecular free path, about one tenth of the disruptions in R, must give 








PRODUCTS OF IONIZATION IN HYDROGEN 459 


atomic ions which get through to the electrometer, whereas if mz= 1100, 
a value suggested by the following analysis, the fraction is about 3 X 107!°, 
The latter appears to be a much more reasonable value. 

The results summarized in Table I also serve to indicate the relative 
stability of H;+ and H,*. Again the uncertainty concerning the pressure 
in Ry, and R; make calculations unreliable but if the same assumption is 
made as in the last paragraph, m3; is found to be about 1050. If the 
pressure is taken as one hundredth that in Ro, m3 is found to be about 
440. It must be remembered that here m; refers to collisions resulting 
in the production of H+. Apparently these are less probable for H;* than 
for Het. 

Besides secondary peaks corresponding to dissociation of H;+ and H2* 
into H*, peaks due to H;+—H,* or to associations might be expected. 
No definite evidence of such effects was observed. 


TABLE I 








Run No. Pressure Ratios of heights of peaks 
H;*/Hytai=tsn Het /Hyta=ra 





14 .0O111 mm 30. 
15 .0236 5. 
16 0835 0.1 





26 0334 : 7.0 
28° .0278 “A 1.0 
29 0264 . 


43 .1110 

44 .0710 

45 .0530 ; 
.0306 13. 3 

47 0195 26. waa 
.O117 24. 18. 
0075 65. 39. 
.0039 70. 80.c¢c 
0039 70.¢ 60.c 


se 
a 
3 


0445 3. .85 
0404 10. 1.9 
0375 6.7 2.16 





* During this run the pump exhausting R, and R; through C was not operating. 


THEORETICAL ANALYSIS 


Intensity of He* peak as a function of pressure. Starting from the 
assumptions that an He* ion is created by the impact of an electron and 
a molecule of hydrogen, and that it may be destroyed by a collision with 
another molecule, we wish to derive an expression for the relation between 
the number of H,* ions reaching E, and the pressure in R; and Re. We 
must make the further assumptions, (1) that the electric fields are 
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uniform and given by V,/d; and Ve/de; (2) that the electrons at a 
collision lose their ability to ionize at a subsequent collision. 
Let d,=the distance from F to /;; 
d,= the distance from FE, to E2; 
no=number of collisions at 1mm pressure per cm advance along 
the x-axis by an electron; 
n,=the same for an H?* ion; 
ne=the same for an H* ion; 
n3=the same for an H;* ion; 
p=pressure in millimeters of mercury. 
Then, if N is the number of electrons leaving the filament, the number 
passing into Re with the ability to ionize is proportional to 
Ne~?*%:, 


Now consider any layer in Rs of width dx and distant x from E,. Since 
the speed of the electrons will be Vi—(V2/d2)x the number of ions 
formed in this layer will be 


dv New Pro(2tdi) [v- Vor- (V2/d2)x| pnodx (1) 


where the probability of ionization at a collision has been taken as pro- 
portional to V— V, because the more exact expression (V — Vo)/V gives 
an equation which cannot be integrated, and, in the range of voltages 
with which we are concerned, the simpler expression is sufficiently 
accurate. 

If, now, dy be multiplied by the probability of an ion reading F, 
without collision and the product be integrated, we have for the total 
number of ions formed in Re and reaching FE: without collision 


M=Ac P[Modit m2 (2d.—a)] ‘ (V- Vo) (EP? (™ Noa — 1) 


(m0) @(b(9—no)a—1)+1 
~cvyaa| Soemnde— HT) 
(n2—no)p 


where a=(V—V )de Ve and A is a factor of proportionality. Finally, 
putting in a=med\+ne(2d2—a), B=ne—mo, y=aB, K,=V,—V> and 
Ke= V2 ‘de, we have 


M=Ae ow) Kile 1) = kel (3) 


| 


Bp f 


where A is independent of pressure and voltage, and K,, Ke, a, 8, and y 
are independent of pressure but dependent on voltage and the dimensions 
of the apparatus. 
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Let us next apply this formula to the series of runs which give the 
points for H,* in Fig. 4. Here, of course, what is measured is the number 
of ions getting through the slit system but this is proportional to M 
or to Me-** so that the above formula may be applied if a is extended to 
contain k, an unknown constant. 

The voltages and dimensions used in this series of runs were 


Vi: =25; V2=9; di =.2 cm; d2=.8 cm. 


Take V,»>=16 volts. Then K,=V,—Vo=9; Ke= V2/d2=9/.8;a=.8. 

Since we have no knowledge of what the proper value of mz is let us 
consider a and y as unknown and see whether our equation can be made 
to fit the experimental results. We have then 


A(H3*) =A’e-#*(«?—yp—1)/yp (4) 


where A(H¢*) is the area under the H.* peak and measures the number 
of H.* ions reaching P. The solid curve in Fig. 4 is computed from this 
formula with a=900, y=870 and A’=40. The agreement of the curve 
with the observed points is as good as their agreement with each other. 
Putting these values in the definitions of a and y we have 


Ne— No = 1090; . 2ng+ Snotk = 900. 


But 1/m) may be taken as approximately equal to 4/2 times the 
molecular free path, which gives np=12°7. Therefore nz must be 1100, 
i.e., the distance an H,* ion travels on an average before being dissociated 
by the proximity of another molecule is about 1/15 the ordinary molecu- 
lar free path. This gives a value of 20 for k, the constant which was in- 
troduced to allow for collisions in R;, Rand R;. The path through these 
regions isabout 12cm. Therefore if p’ is the pressure, k =n212Xp'/p; 
hence p’ = .0015p, even lower than expected. 

Intensity of H+ peak. In order to extend this type of analysis to the 


intensity of H* as a function of pressure, two new quantities must be 
introduced. Let the number of collisions of H.* (per cm advance toward 
Es. at 1 mm pressure) which result in the production of an H* ion, be 
n's=Kn2 where x<1 and let the number of collisions (per cm advance 
at 1 mm pressure) by H+ ions which result in the elimination of these 
ions be m). 


From Eqs. (1) and (2) integrating from 0 to x instead of 0 toa we have 
for the number of H.* ions reaching a plane at x from FE, 
vx Me pms K ,(e?(™-") =—1) 


—[K. ‘p(n2—no) | [e?'™-™)*(p(ne—no)x—1) +1] }. (5) 
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Therefore, the number of H* ions produced between x and x+dx and 
reaching F2 without collision is 


dv(H)* = pny’e"?™ 4p dx (6) 


and the total number reaching £2 is 


v(H)*= pro! [Ve Pmae-2)y dx, 
0 


The integrated expression is considerably simplified if K,= Keds, i.e., 
if 1,— V = Ve, and since this is the experimental fact, the more general 
case will not be discussed. With this simplifying assumption, then, we 
have for the number of H* ions passing through the slit in Fe. and finally 
reaching the electrometer 


EP iar nod — ] 
v(H)° = Be- (red sae & | [<—-- 
Ni — No 


EP (m—n2)d2— | ep (mm rods | p(y — o)d>— 1 |+ | \ 
| iecattyg 


nN ,—MNe Ny — No 


where all the constants have been determined except ;, c, and B. 

When numerical values are substituted in this equation, it becomes 
evident immediately that ”, must be of the order of magnitude of mo 
rather than of me as in the latter case a negative value is obtained. The 
theoretical values shown by the solid curve in Fig..4 were computed from 
n,=17, c=0 and B=38. The agreement with experiment is seen to be 
only fair. However, as may be seen in Figs. 2 and 3, it is difficult to 
determine the area of H* peak accurately. Also the contribution to H* 
from the break up of H;* has been neglected. Moreover, as will be dis- 
cussed later, m; is probably a function of speed though it might be 
expected to be of the same order of magnitude as mp rather than mz since 
an H* ion is simply a proton with no electronic satellites. Therefore, we 
may conclude that the agreement between theory and experiment is as 
good as could be hoped for and that our assumptions as to the process 
of formation of H* are supported. 

Formation of H;*. Simultaneously with the production of H* ions, 
there will be an equal production of neutral hydrogen atoms. There are 
thus three conceivable ways in which H;* might be formed, which may 
be represented symbolically by the equations 

Ae +H Hs; 
IT + H+ — I] ;* 
H: +H —-Hs followedby 
Hs+W(H3)-Hst +e f 
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where, as usual in such equations, W denotes the ionizing potential. 
The last process appears very unlikely but the relative probability of 
(a) and (b) must depend both on the a priori probability of the processes 
and on the concentrations of the reactants. Neither of these factors 
can be gauged with any degree of certainty. Obviously an analysis 
such as has been used for H,;+ and H*+ becomes too complicated and 
uncertain to be of any value. In general the number of H;* ions would 
fall off with decreasing pressure in agreement with the experimental 
results. 

The relative intensities of H;+ and H* in Figs. 2 and 5 are seen to be 
very different although the only condition varied was V2. It was found 
that H* was always relatively much stronger at higher values of V2 
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Fig. 5. V,=25 volts; V2=25 volts; i=150-160 microamp.; p = .047-.042 mm. 


as may be seen from the curve in Fig. 6 which shows the results of a 
group of runs made to test this point. Both processes (a) and (b) sug- 
gested above depend on the association of ions with neutral molecules 
and the probability of such an association might be expected to decrease 
with increasing speed of the ion. Thus, as V3 is increased, the favorable 
region for such associations becomes narrower, crowding more closely 
against E,;. That is to say conditions become less propitious for the 
formation of H3+. On the other hand, the probability of H;* or He* 
dissociating to form H+ might be expected to remain constant or even 
increase with speed. Further, as V2 is increased, the electrons lose their 
power of ionizing at shorter and shorter distances from E,, so that the 
average distance the ions must travel to reach Es becomes longer and 
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longer. Since mz. and, as we have seen, m3 are large compared to m, this 
will favor dissociation much more strongly than association. On these 
grounds, then, the ratio of the areas under the peaks, A(H;+)/A(H*) 
should decrease with increasing V2, a conclusion in agreement with the 
observations. 

Hughes,” in a recent paper, has pointed out that his earlier results on 
dissociation by electron impact are compatible with the writer’s results 
if we assume that an electron of 12-9 volts speed may cause dissociation 
accompanied by excitation even though the ionization at 15-9 volts is 
not accompanied by dissociation. This appears a perfectly tenable 
suggestion, and might make the process (c) important in the formation 
of H;+. But it would also favor the production of H+ at 13-5 volts and 
since our curves show no trace of such an effect, there is no evidence 
in favor of Hughes’ idea. 























Fig. 6. V,;=25 volts. Various pressures and thermionic currents. 


RESULTS ON CRITICAL POTENTIALS 


Up to this point the various probable primary and secondary processes 
of ionization have been discussed without considering the energy changes 
involved and the experimental material presented has all been from 
runs where V,;=25 volts so that electrons reached EF; with velocities 
well above the ionizing velocity. We will now consider the effect of 
varying V,. 


The conclusion previously published was that an impact between an 
electron and a hydrogen molecule caused simultaneous ionization and 
dissociation very rarely and not at all unless the electron had a velocity 


* Hughes, Phil. Mag. 48, 81-89 (1924) 
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greater than 20-2 volts. Reconsideration of the evidence in the light of 
the present work forces the conclusion that the range of pressures in the 
previous experiments was insufficient to prove this value a true critical 
potential independent of the conditions in the ionization tube. In fact, 
the results summarized in Table II from curves of which those in Fig. 7 
are typical, show no evidence for ary critical potential at a fixed interval 
from the ordinary ionizing potential of about 16 volts. 
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Fig. 7. Series 11. V;= Vi; #=240-260 microamp.; p=.011 mm. 
The voltages relative to V(H:+) at which H;+ and H;* first appear in 


measurable quantities seem to depend entirely on the values of p and V3. 
Thus in series S4 at low pressure we know that H,* is strong compared 


TABLE II 
Results on appearance potentials 








Series p(mm) i (microamp.) V(H*) V(H;*) V(H;*) Remarks 





.O181 75 19.8+ . 
.0100 500 19.0+ . 
.0042 120 18.9+ , 
.0165 200 
.0140 350 
.0125 190 18.5+2. 


_ 
wn 
_ 


V2 small 


LNANALAH 
SED Vide wee 


—- 
wa lh 
coo 


.0135 145 18.4+ . 
.0330 150 18.0+ . 
.0125 250 17.6+ . 
.0097 40 18.0+ . 
.0095 200 18.3+ . 


— 


—, 
son 


woo 
HH HEE + I 








to H;+ and H+, the secondary products and further, since V2 is small, 
that H;* is relatively stronger than H*. This is reflected in the appear- 
ance voltages, V(H»*) = 15-4, V(H3+) = 15-9, V(H*+) = 18-9. Again in series 
S11, V2 is large so that H* is as strong or stronger than H;* and further 
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the pressure is larger, correspondingly we find V(H.*) =17-3, VCHs*) = 
V(H*)=17-6. <A particular search was also made for a change in the 
slope of the curves in the neighborhood of 23 volts which has been 
reported as a critical potential by Horton and Davies and others. Ina 
few curves such a break may have been present but it was not reproduc- 
ible. The conclusion is, then, that H;+ and H+ may appear as secondary 
products as soon as He* is formed, and that there is no evidence for 
higher critical potentials corresponding to their formation as primary 
products or to a sharp increase in the probability of their formation from 
H,*. 

It may be well at this point to discuss a recent paper by Hogness and 
Lunn.’ The general principles of their method were laid down by the 
writer! in an early paper to which Hogness and Lunn neglect to refer, 
and their apparatus and procedure are almost identical with those 
described in the present paper and previously. They present one curve 
with relative intensities of H;+ to H,* roughly like Fig. 2 and of H;* to 
H* like Fig. 5. It is stated that at lower pressures the ratio of H;+ to Ht 
becomes smaller but no indication is given of what range of pressures 
was studied. From five series all taken at =.003 mm and presumably 
with the same arrangement of fields, they conclude that V(H,*)=15-7, 
V(H*) = V(H;*) = 16-6. Incidentally, these absolute values are obtained 
by using a method of correction for initial velocity of electrons which 


needs to be very much modified to apply to such an apparatus. But this 
question has been settled long since® and need not be discussed here. 
The results given in Table II and of the previous work show that an 
apparent critical potential for H+ or H;+ may be observed anywhere 
between 16 ahd 21 volts if conditions are properly chosen and not varied. 
Yet, Hogness and Lunn state ‘‘These results show conclusively that there 


are two distinct processes taking place: 
(1) Ho=H+Ht+E ; 16-6 volts 
(2) Hz=H.++E ; 15-7 volts 
and one secondary process, 
H+ +H: =H?*;.” 
The writer makes so bold as to differ with what is new in this statement 
and ventures to suggest that the results obtained by Hogness and Lunn, 
excellent as far as they go, are in perfect accord with the ideas he has 


’ Hogness and Lunn, Proc. Nat. Acad. Sci. 10, 398-405 (Sept. 1924) 

* Smyth, Proc. Roy. Soc. A 102, pp. 283-293, (1922) 

* See Compton and Mohler, Bulletin of Nat. Res. Coun. on Critical Potentials, p. 49. 
Also, Smyth, Phys. Rev. 14, 409, (1919) 
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suggested elsewhere and developed fully in this paper. The reasons for 
this opinion should be clear from the evidence already presented, but 
there remains one point which might be thought to favor the existence of 
two critical potentials about one volt apart. This will now be discussed. 


THe HEAT OF DISSOCIATION OF HYDROGEN 


Out of the confusion of many discordant observations on critical 
potentials in hydrogen there emerge a few facts apparently well estab- 
lished. The data are summarized and discussed fully in the recent 
Bulletin by Compton and Mohler,’ but it may be recalled that the 
explanation of several critical potentials is satisfactory only if the work 
of dissociation be taken as D = 2-4 volts, where D means the net difference 
in energy between H; and 2H. In particular the old theory that ionization 
at 15-9 volts was accompanied by dissociation required a value of 2-4 
volts since the ionizing potential of atomic hydrogen is 13-5 volts. The 
new interpretation requires either that D < 2-4 volts or that the molecular 
ions formed just at 15-9 volts cannot dissotiate without gaining more 
energy. The latter assumption would mean that no secondary H* ions 
would appear until the impacting electrons began to transfer at least 
15-9+ (D—2-4) volts to the molecules. The experimental evidence has 
been shown unfavorable to this assumption. There remains the problem 
of reconciling the value 2-4 volts with that of 3-5 volts determined 
experimentally by Langmuir. Consider exactly what the processes are 
with which we are concerned. They may be represented symbolically as 
follows: 


He+ We ~Hst+ Ri +E- \ 1 
{ 
H.t~>~H++ H+Ry ) 


(2) 


He+ D’ ~H +H+R, \ 
H+ W,-H++E-+R,’ 


if we consider the most general possible process where R,; and R;’ and R2 
and R’, represent energy dissipated as radiation, and W, and W, the 
atomic and molecular ionizing potentials. 

Now if 2,, Ri’, Reand R;’ are all equal to zero, we must have W;— W,= 
D’. But is there any evidence that this is the case? From what is known 
about ionization in monatomic gases, R:’ may fairly be expected to be 
zero, but there seems to be no criterion which can be applied to the other 
three cases. Certainly Langmuir’s experiments will give the value of D’, 
not of D= D’—Rz, the net gain in energy. Therefore, the relation which 
has to be satisfied is 

W.—R,—R,'= W,+D’—R.—Ry?’. 


* Langmuir, J. Am. Chem. Soc. 36, 1708, (1914);"37, 417_(1915) 
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Assuming that R,’ is zero, we must have 
W.—W,=D'—R2+ Ri 4+ Ry’ 

or 2-4=3-5—Ro+ Ri +R’ 

in order to have agreement between the ionization results and Langmuir’s 
experiments. Nothing is known of the magnitude of R2, R; and R;’. 
Moreover, W,. cannot be exactly determined experimentally since it 
depends on the initial and final states of vibration and rotation, a point 
that should be remembered in dealing with polyatomic gases. There is, 
therefore, really no proved discrepancy between Langmuir’s work and 
that on ionization. 

The writer is very much indebted to Mr. H. A. Barton for assistance in 
setting up the apparatus and taking readings. He is also much obliged to 
the Department of Physics at Princeton for extending the privileges of 
the laboratory to him while he was still National Research Fellow. 
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IONIZATION OF ARGON 


SINGLE AND DOUBLE IONIZATION OF ARGON BY 
ELECTRON IMPACTS 


By Henry A. BARTON 


ABSTRACT 


The magnetic deflection method, described in the preceding paper by 
H. D. Smyth, has been applied to a study of the ionization of argon, and the 
minimum potentials for the production of singly and doubly charged ions 
have been separately observed. Assuming that for At to be 15.2 volts, the 
correction for the apparatus was determined and the corrected minimum 
potential for the production of At* ions was found to be 45.3+1.5 volts. No 
A** nor A;* ions were observed. Spectroscopic evidence has shown that the 
blue spectrm is excited by impacts of 34 volts, and it has been assumed that 
doubly charged ions are produced at this potential. Four ways of reconciling 
the direct evidence of this paper with the spectroscopic evidence are suggested 
and discussed. (1) A cumulative process may produce A** ions with only 
34 volts in discharge tubes with high current density, though not in the author’s 
tube in which conditions were unfavorable. (2) The 34 volt lines may represent 
only a partial excitation of the spark spectrum, double ionization not being 
required. (3) This potential (34 volts) may correspond to the limit of spectral 
terms of negative values, involving the simultaneous excitation of two electrons. 
(4) A more closely bound electron with an ionizing potential of 34 volts may 
undergo transitions without disturbing the electron whose transitions produce 
the arc spectrum. “ 


INTRODUCTION 


VERY large number of determinations have been made of the 
critical potentials associated with the argon atom. Experimental 
tubes of widely varying designs, and having two or more electrodes of 
different shapes and arrangement, have been used. The significance of the 
critical potentials has been determined by a study of the breaks in the 
curves representing the current between the several electrodes, and by 
spectroscopic observation of the radiation emitted by the gas. Results 
so obtained have been brought, within the last several years, into good 
agreement. Thus, Horton and Davies,! Dejardin,? and Hertz* give for 
the first critical potential 11.5, 11.5, and 11.55 volts respectively. They 
report this to be a radiating potential, except for Dejardin, who gives it as 
an ionizing potential only appearing when the pressure is relatively high. 
For the first ionizing potential under ordinary conditions, these observers 
* Horton and Davies, Proc. Roy. Soc. A 97, 1 (1920) 
* Dejardin, C. R. 172, 1347 and 1482 (1921); 178, 1069 (1924). Ann. de Physique 


10, 241 (1924) 
* Hertz, Proc. Amsterdam Akad., 25, 179 (1922); Zeit. f. Phys. 18, 307 (1923) 
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give 15.1, 15.2 and 15.3 volts respectively. This close agreement is 
convincing and an average of 15.2 volts may be taken as the potential 
necessary to remove one electron from an argon atom by a single impact. 

Dejardin,? Horton and Davies,‘ and Shaver® have made use of spectro- 
scopic observation to extend the study of critical potentials to the range 
above the ionizing potential. They found that the red spectrum of argon 
was already completely excited at this point, and therefore concluded 
that it was identical with the ordinary arc spectrum. As the potential 
was increased no additional lines were observed, at low pressures, until 
a critical potential in the neighborhood of 34 volts was reached. At higher 
voltages the agreement between different observers is no longer exact. 
However, Dejardin and Horton and Davies conclude that a large number 
of lines of the blue spectrum are associated with this value and that some 
additional lines appear or are strengthened at 38 volts. Recently, the 
order of succession of these stages of excitation has been confirmed with 
the aid of an electrodeless discharge. Horton and Davies also found 
a discontinuity in the current-voltage curve at 34 volts indicating an 
increase of ionization at this point. At higher pressures and with greater 
current densities, the lines characteristic of 34 volts appeared at 19 volts, 
the difference between 34 volts and the ionizing potential. 

A general consideration of these results led the above observers to 
assume that the 34 volt lines composed the spark spectrum of argon, 
although the presence of the 38 volt lines introduced some uncertainty. 
Therefore, in order to effect the removal of two electrons, which is 
necessary to excite the whole spark spectrum, neutral atoms must be 
given 34 volts and single ions, 19 volts energy. This view is supported in 
a general way by the work of Stark and Kirschbaum’ and, later, Frieders- 


dorff’ with canal rays of argon, in which it was shown that the lines of 


the blue spectrum were emitted by faster moving particles than those of 
the red spectrum. These particles, presumably, had gained greater speed 
in falling through the field of the discharge tube because they were more 
highly charged. This being the case, they would be expected to emit 
spark lines. 

The value 34 volts, on the other hand, appears, by comparison with 
other elements, to stand in a smaller ratio to the first ionizing potential 
than would be expected. In view of this consideration, the present work 


* Horton and Davies, Proc. Roy. Soc. A 102, 131 (1922) 
5 Shaver, Trans. Roy. Soc. Canada 16, ITI, 135 (1922) 

* L. and E. Bloch and Dejardin, C. R. 178, 766 (1924) 
* Stark and Kirschbaum, Ann. der Phys. 42, 255 (1913) 
’ Friedersdorff, Ann. der Phys. 47, 737, (1915) 
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was undertaken with the principal purpose of determining directly the 
second ionizing potential of argon. 


METHOD 


The apparatus employed and the method of using it to detect, and 
distinguish between, positive ions of different types have been described 
fully in the preceding paper by H. D. Smyth.* In order to change the 
substance under consideration from hydrogen to argon, it was only neces- 
sary to rearrange the gas supply system, and to use a stronger magnetic 
field in the positive ray analysis. The latter change was preferred over 
the alternative of using a weaker electric field V2+ V3; to accelerate the 
ions because it is desirable to have V.+ V; large compared with V2. The 
actual magnetic field strengths necessary were from 2000 to 3000 gauss. 

The effect cf the finite size of V, as compared with V; has been dis- 
cussed in the preceding paper. As was explained there, most of the ions 
will be produced in that portion of the region R, nearest the gauze £). 
However, ions produced near Ez have a better chance of getting through 
S,. Thus, the probability of an ion being formed and also getting through 
the slit system is the product of two probabilities, both functions of Ve, 
one of which has a maximum near £,, the other, near E.. If Vz is rel- 
atively small, it would be expected that the maximum number of ions 
detected would come from somewhere between these two. If, however, 


\. is large, these maxima could separate, and it is possible to observe, 


in curves showing electrometer current as a function of V2+ V3, two 
maxima corresponding to ions of a single type, one being due to ions 
from the neighborhood of E, and the other, to ions from near Es. In such 
cases, if Vz is reduced without changing other conditions, these maxima 
are brought together and merge. The total width of the peak is also 
reduced thereby, which is important because it improves the resolving 
power of the apparatus. At first V2 was derived from the same source 
as Vy, being, however, somewhat smaller by a constant ratio. When the 
importance of a smaller V2 was realized, it was kept constant for all 
values of V,; by a separate battery either at 4.5 or 12 volts. The experi- 
mental curves then obtained were considerably sharper and smoother 
than with V¢ variable. 

The same filament, a platinum strip coated with barium and strontium 
oxides, was used throughout the experimental work. The potential drop 
due to the heating current was less than .7 volt. 


* The hydrogen apparatus was used without any change in its design. The reader is 
referred to the preceding paper for its description and also for an explanation of the 
nomenclature used in both papers. 
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Two independent supplies of argon were used, the first, for the bulk of 
the work, and the second, for a check of the results obtained from the 
first. Both supplies were obtained originally from the General Electric 
Company. The first supply was given its final purification in this lab- 
oratory by passing through it a 110 volt are between calcium electrodes. 
The are was run until no nitrogen bands were visible. In the spectrum of 
a spark passed between the same electrodes, a faint band system per- 
sisted. After some of this supply of argon had been withdrawn from the 
purifying system and used in the earlier experiments, it was found that 
the impurity present was hydrogen. It is not thought that this impurity 
affected the results, especially as these were checked with the second 
supply. The latter, already very pure, was contained in a small glass 
tube obtained directly from the General Electric Company. This tube 
was equipped with calcium electrodes making it possible to further 
purify the argon after it had been sealed in place and, thus, to eliminate 
any transfer of the gas between purification and use. 

In many of the runs taken it was found that water vapor was present. 
The source of this was never satisfactorily determined. Presumably, 
it entered the tube with the argon, since no water vapor ions were ob- 
served when the gas supply was shut off. Also it was possible to reduce 
it by passing the gas through a trap immersed in a mixture of carbon 


dioxide snow and alcohol, or in liquid air. Owing, probably, to the 


rapidity of flow through the trap, even this did not entirely eliminate 
water vapor. An attempt to remove it by passing the gas through 
charcoal immersed in carbon dioxide snow was made later, but without 
complete success. 


EXPERIMENTS AND RESULTS 


Identification of ions. The curves of Figs. 1 and 2 are typical of a 
number taken to determine what positive ions were being formed. The 
method of obtaining such curves has been described in the preceding 
paper. The value of the fields and pressures are given below each figure. 
In both cases the thermionic current was 200 micro-amperes. The very 
large peak is assumed to indicate the detection of singly charged ions 
A* and the m/e scale thus tentatively determined. Ordinarily this could 
be checked by the value of m/e calculated from the fields and apparatus 
dimensions. The magnetic field would have to be determined from a 
calibration curve of the electro-magnet as a function of the exciting 
current. Such a calibration was made before assembling the apparatus, 
but later more shielding had to be introduced. This acted as a shunt for 
the flux, altering the calibration in an uncertain way, and making the 
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check impossible except as to order of magnitude. In order to make sure of 
the identification, the range of the curves was extended, in several cases, 
to values of m/e well over twice that of the large peak and, in the other 
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Fig. 1. Peaks indicating ions formed at V;=55 volts. 
(V;=4.5 volts. Pressure =.03 mm.) 





























direction, to values less than half that of the peak given in Fig. 1 at 20. 
Except for indications of slight impurities the peaks shown were the only 
ones observed. 


m 
Ze 
Fig. 2. Peaks indicating ions formed at V,;=43 volts. 
(V2=4.5 volts. Pressure =.008 mm.) 
On account of the width of the At peak, no conclusions can be drawn 
from these or other curves taken as to the presence or absence of the 
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isotope reported by Aston® at 36. This isotope would be expected, from 
the chemically determined atomic weight, to compose about 3 per cent of 
the total number of argon atoms. Such a small peak is difficult to resolve. 
It remains to be seen whether or not a larger peak could have been 
separated out by the present apparatus. 

The scale roughly determined by assuming the large peak to be At 
at m,e=40 places the small peak, visible on both curves, at m/e=18. 
The effect of passing the incoming gas through cold traps, as discussed 
before, is observed in the behaviour of this peak. Its height, relative 
to that of the other peaks, could be very much reduced by this procedure. 
Thus, it was assumed to be due to water vapor partly for this reason, and 
partly because no other likely impurity has this molecular weight. The 
ion present was apparently (H»2O)* and not (OH)*, confirming an earlier 
conclusion of Smyth."° 


















































The peak at m e=20 on the curve of Fig. 1 was assumed to represent 
doubly charged atomic ions. That this peak was not, like the peak at 18 
due to an impurity was shown by the fact that at high values of V, it 
could be made very large compared with the latter and of the same order 


of magnitude as the A+ peak. Therefore the small size in Fig. 1 of the 
A** peak at 20 must be due to the fact that electrons of 55 volts energy 


are not highly efficient in producing doubly charged ions, and, accordingly 
it is concluded that this potential is not far above the minimum required. 
It will be noticed that there is no sign of this peak on the curve of Fig. 2 
with V,=43 volts. 


Aston, Isotopes, p. 66. 
Smyth, Proc. Roy. Soc. A 104, i21 (1923) 
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The more accurate me scale shown on the figures was determined by 
a consideration of the positions of all the peaks. 

Determination of critical potentials. When the identity of the peaks had 
been satisfactorily established, a series of runs at different values of V; 
was taken to observe the critical potential at which each peak first 
appeared. The heights of the peaks (or the areas if the peaks were 
irregular in shape) were then plotted as a function of V;, and curves 
such as those given in Fig. 3 were obtained. These curves are typical 
of a number taken at various pressures and with a thermionic current 
of 200 micro-amperes. The results for At and A** are summarized in 
Tables I and II. These tables give the pressure for each series, the 
critical potential observed, and an estimated weight for each determina- 


tion. 


TABLE I 


Determinations of minimum potential for A*. 


Series Pressure Observed minimum Weight 
No. (mm) potential 
.0070 18.8 
.0070 17.2 
.0061 18.3 
.0064 17.0 
.0125-.0028 19.0 


Weighted mean 17.3 


TABLE II 


Determinations of minimum potential for A**. 


Pressure Observed minimum 
(mm) potential 











.0970 50 
.0070 49. 
0064 46. 
.072-—.032 46. 
Weighted mean 47. 








It is estimated that the error may be as large as 1 volt in the case of 
A*, and 1:5 volts in the case of A++. Accepting 15.2 volts as the correct 
value for the first ionizing potential, the correction it is necessary to 
apply to determinations made with the present apparatus on account 
of initial velocities, contact potential difference, etc., is evidently —2.1 
volts. This gives for the minimum potential at which A** ions appeared, 
the value 45.3+1.5 volts. 

Having thus failed to observe the critical potential of 34 volts for A** 
ions predicted by the results of others,*** an attempt was made to 
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observe a discontinuity at this point in the A+ curve which might account 
for their results. Unfortunately this was not successful. On some of 
the curves there appeared to be a slight irregularity in slope between 30 
and 40 volts, but this might have been accidental. In general the curves 
were not smooth enough in this region to prove either the presence or 
absence of a break. 

Several of the curves of At as a function of V,; were extended to values 
beyond 50 volts and, in one case, curves were taken simultaneously for 
At and At* up to V,;=95 volts. They are interesting in that they show 
significant features above the respective ionizing potentials. The A* 
curves, for example, all come to a maximum between 40 and 55 volts. 
In the single high run there are breaks upward at about 55 and’85 volts. 
The highest At+* curve shows a pronounced increase of slope at about 90 
volts. The significance of these irregularities is uncertain. However, it 
is probable that the falling off of the A*+ curves at 45 volts is due to the 
fact that electrons were here first able to produce A** ions, and the 
energy of many which would otherwise be available for the production 
of one or more A* ions was used up in this way. After a temporary set 
back, the A* curves rise again as would be expected if the probability of 
ionization still increased with velocity. The break upward in the At+ 
curves at about 90 volts suggests that electrons may have twice collided 
effectively after this point. If this is so, it is a check of the 45 volt critical 
potential. 

Ions of other types. An attempt was made to produce At** ions by 


raising V,; to somewhat higher potentials, the highest being 210 volts. 


However, none were detected. Also, in the course of the experiments, 
the range including m,e=80 was several times explored. No evidence 
for the existence of singly charged molecular ions A;* was found. If any 
A-** ions were formed their va ue of m/e would be 40 and they could not 
be distinguished from the A+ ions. However, a combination of this sort 
appears highly improbable. 
DISCUSSION OF RESULTS 

The outstanding feature of these experiments is the disagreement 
between the 45.3 volt minimum potential for double ionization and the 
apparently corresponding value of 34 volts observed by Dejardin® and 
Horton and Davies.‘ The work of these observers was most carefully 
and accurately done. That of Dejardin was further confirmed by his 
discovery of exactly similar effects in krypton and xenon, in which, as 
he points out, the ratio of the higher critical potential to that of single 
ionization is numerically the same as in argon. 
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On the other hand, under the conditions available, the writer was not 
able to observe any A** ions at all below 45.3 volts. The objection may 
be made that the positive ray method of detecting ions is not sufficiently 
sensitive to observe the At* ions until a large number are being produced. 
A general unswer may be given to the effect that, in all cases of critical 
potentials observed by this method which could be reliably checked by 
the results of other methods, the agreement has been good. In the case 
under consideration, moreover, Dejardin and Horton and Davies report 
that the blue spectrum lines had already gained nearly their maximum 
intensity below 45 volts. Certainly therefore, the writer should have 
found a critical potential at least below this value, providing the ex- 
periments are comparable at all. The fact that they found no indication 
of the writer’s 45 volt discontinuity further confirms the existence of the 
discrepancy. Both results must be explained, and any theory which does 
this may have a wide bearing on the study of atomic structure. For this 
reason, it is profitable to discuss, at some length, several possibilities. 

Cumulative ionization. If the appearance of blue spectrum lines truly 
indicates the production of doubly charged ions, it is only possible to 
explain the apparent contradiction of the present results by the difference 
in experimental conditions. Of these, it is difficult to say which are 
significant. Aside from differences in the electrode arrangement, there 
are slight differences in pressure and, possibly, larger differences in 
thermionic current. The first of these is probably not significant because 
the pressures used by the writer were, first, about .007 mm and later 
05 mm, which bracket those used by Dejardin. Horton and Davies 
apparently worked with somewhat greater pressure than either but came 
to the same conclusions as Dejardin. 

It is not possible to compare the electron currents. However that used 
by the writer was quite small, usually 200 micro-amperes. There exists 
the possibility, therefore, that the above observers, contrary to their 
opinion, had to do with ionization by cumulative action, and that the 
writer, by using small currents, avoided this. If such is the case, a scheme 
somewhat as indicated in Fig. 4 suggests itself. This figure shows, in the 


form of an energy diagram, the several known critical potentials of the 
argon atom. It is extended upward to include those of the ion. The base 
line corresponding to the normal neutral atom is taken as the beginning 
of the energy scale. The dotted line X at 11.5 volts indicates the level 
of excitation corresponding to the lowest critical potential. The level 
A* at 15.2 volts represents the energy state of the normal simple ion. 
A** at 45.3 volts is the same for the double ion. 





478 HENRY A, BARTON 


At very low pressures and current densities, the arrow (a) indicates 
the transition by a single impact from A to At*. At medium pressures 
and currents, a possible scheme consists of a combination involving a 33.8 
volt impact (6’) with a neutral excited atom in the X state, to which it 
has previously come as the result of either an electron impact (6) or the 
absorption of resonance radiation (b,). It is suggested that the critical 
potential of 34 volts, found by Dejardin and Horton and Davies, may be 
explained in this way. The numerical agreement of their result with the 
value of transition (b’) is at least remarkable. 





453 























0 





Fig. 4. Cumulative processes leading to double ionization. 


Of course it has to be assumed that the concentration of atoms in the 
excited state XY is large, even compared with the number of At ions. 
Otherwise the observed critical potential would be 30.1 volts, the differ- 
ence between the energies of states A++ and At. In the work of Dejardin, 
Horton and Davies, and Shaver, some lines, presumably the strong ones, 
were actually observed somewhat below 34 volts, as would be expected 
in this case. The fact that, in argon, an arc may be maintained with 


comparative ease below the ionizing potential"! is evidence in favor of a 


large concentration of atoms in states of the X sort. 

If, now, pressures of .1 mm or more are considered, provision must 
be made for the 19 volt threshold for the lines previously appearing at 
34 volts. To do this, an excited state X’ of the At ion (Fig. 4) is assumed 
19 volts above the ionizing potential for A+. The production of A** ions 
is then accomplished by three actions: (1) a 19 volt impact (c’) or ab- 


'! Compton and Eckart, Phys. Rev. 25, 139 (1925) 
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sorption of spark spectrum resonance radiation (c,;’) by an atom pre- 
viously ionized by (2) an impact (c) of 15.2 volts and, finally, (3) an 
impact (c’’) of 11.3 volts. Perhaps it should be assumed that X, and 
not At, should be taken as the starting point for the 19 volt transition. 
This, however, would presumably destroy the possibility of reaching X’ 
by resonance. Compton and Turner” have recently shown, working 
with mercury, that positive ions may be powerful absorbers of resonance 
radiation of the spark spectrum. It is to be noted that the energy of the 
state X’, so defined, is 34.2 volts. This suggests the obvious transitions 
(d) and (d’) asa possibie other explanation of the 34 volt critical potential. 
It is uncertain whether such transitions as (d) are possible either by 
impact or absorption of radiation. Some evidence regarding the pro- 
duction of an excited ion by a single increment of energy will be discussed 
later. 

Examining the consequences of the scheme of Fig. 4 critically, several 
points remain to be cleared up. For example, if the X state is probable, 
A* ions would be expected to appear by cumulative action at 11.5 volts. 
This is, indeed, probably the explanation of Dejardin’s observation of 
an increase in ion current at this point, for the possibility of this being 
an ionizing potential is denied by Hertz and Horton and Davies, and it 
is not observed by the writer. 

Dejardin and Horton and Davies give current-voltage curves showing 
increases in ionization at 30 volts. They attribute this to the ability of 
an electron of this energy to produce two A* ions, one after the other. 
In addition to this, there now appears the possibility of changing A* to 
A** by an impact of 30.1 volts, which would increase the positive current 
even though not the number of ions. The failure of the above authors to 
observe a discontinuous increase in intensity at 45 volts would appear 
to discredit this value. However, it is known that when cumulative 
effects come into play, this point may easily be completely masked, at 
least so far as spectroscopic observations can discern. 

If the scheme of Fig. 4 is correct, a similar explanation must be ap- 
plicable to krypton and xenon. If it is assumed that the ratio of the 
double to the single ionizing potential is the same in each gas, then the 
difference between the double ionizing potential and the first critical 


potential of the neutral atom, as given by Dejardin, agrees numerically 
in each case with his experimental value corresponding to the production 
of the higher spectrum. 


'? Not yet published. 
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The final test of the scheme must probably come from a study of the 
ultra-violet spark spectrum. All that can be said now is that the pre- 
liminary work of Lyman is not in contradiction." 

Partial excitation of spark spectrum. So far, it has been assumed, in 
agreement with Dejardin and Horton and Davies, that the lines of the 
blue spectrum appearing at 34 volts do compose the spark spectrum of 
argon, and, with Dejardin, that the additional lines appearing at 38 volts 
are, in reality, part of this same group. This is not altogether satisfactory, 
and suggests that the process observed may be one of partial excitation. 
Thus, it is supposed that 34 volt impacts ionize and raise the ion to one 
level of excitation, and those of 38 volts, to another. In the subsequent 
transitions to lower levels, some, but not all, of the spark lines would be 
emitted. That the parts of a spectrum can be successively excited in this 
way, has been shown by Hertz" for the arc spectra of several gases. It 
has not been shown for spark spectra. 

However, this hypothesis meets two obstacles. In the first place, it is 
difficult to account for the large number of lines which appear at the 
two potentials mentioned, even if it is assumed that the terms of the A* 
spectrum are very highly multiple as is the case with the neon spectrum.” 
In the second place, the lines of the blue spectrum appearing at 34 volts 
are of such wave-length as to require another multiple level about 3 volts 
lower than this. If this existed, transitions between it and the normal 
state of the A* ion would lie in a region of the ultraviolet in which 
Lyman found no lines. 

Transitions of two electrons. Although both of the possibilities discussed 
above have shortcomings, they have been placed first as being more in 
accord with previous notions of intra-atomic alteration. However, a new 
and very interesting possibility which has much to recommend it, is 
suggested by the recent discovery by Saunders and Russell and by 
Wentzel"’ of terms in the spectrum of calcium which have negative wave 
numbers. They ascribe these terms, which have energy values higher 
than that ordinarily sufficient to eject one electron completely, to 
simultaneous states of excitation of two electrons. 

That changes involving the transition of two electrons at the same 
time are consistent with the correspondence principle has since been 


‘8 Lyman, Astrophys. J. 43, 89 (1916); and Spectroscopy of the Extreme Ultra- 
violet, p. 86. 

4 Hertz, Zeit. f. Phys. 22, 18 (1924) 

‘6 Paschen and Gitze, Seriengesetze der Linienspektren, p. 30. 

® Saunders and Russel, Phys. Rev. 22, 201 (1923) 

‘7 Wentzel, Phys. Zeits. 24, 104 (1923); 25, 182 (1924) 
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shown by Epstein.'* In his discussion of these, he points out that the 
possibility of a transition of two electrons is associated with the break- 
down of the Bohr-Rubinowicz selection principle to permit changes of 
the azimuthal quantum number of 2 and 0 as well as of 1. This break- 
down appears first in the spectra of the alkali earths. The suggestion is 
that, in elements having positive valences of more than one, there is a 
coupling between the valence electrons and some or all of them may 
undergo a transition simultaneously. This is indicated by the further 
breakdown of the selection principle in the later columns of the periodic 
table. In argon, where the positive valence may be taken as eight, 
transitions of this type should assume very great importance. However, 
even in cases where the valence is greater than two, Epstein states that 
lines involving more than two electrons should have a much lower 
intensity. 

In view of these considerations, it seems profitable to apply the idea of 
two simultaneous transitions to argon with the purpose of explaining the 
formation of ions and the excitation of the blue spectrum at 34 and 38 
volts. Suppose one electron is in an excited state. Then the atom has 
at least 11.5 volts energy. Now if a second electron is displaced from its 
normal orbit, the new orbits it can occupy will be different from those 
which it could occupy if the first electron were not already displaced. 
There would be a series of orbits possible for this second electron leading 
up to infinity when it is totally removed. After its removal, the residue 
is an ion which has one electron (the first) in an excited orbit. Thus the 
energy required to produce such an ion is greater than the simple ionizing 
potential. Its amount can be estimated from the following consideration. 

If an electron is removed from an atom which was, until then, normal, 
the energy required corresponds to the first ionizing potential, here 15.2 
volts. If an electron is removed from a normal single ion, the energy 
required corresponds to the ionizing potential of the ion, here 30.1 volts. 
If, now, as in the present case, an electron in its normal orbit is removed 
from an excited atom, a form which is intermediate between the normal 
atom and the ion, the energy required must lie between these limits. 
Suppose, for the present purpose, the actual value is 22.5 volts. Then, 
if the whole process of exciting the first electron and removing the second 
takes place at a single impact, this energy must be added to the 11.5 
volts needed for the preliminary excitation, and the 34 volt ionizing poten- 
tial is explained. The 38 volt limit is, then, explainable by the assump- 
tion of a preliminary excitation to a different orbit from that correspond- 
ing to 11.5 volts. 


‘8 Epstein, Proc. Nat. Acad. Sci. 10, 337 (1924) 
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Thus, a possible conclusion is that the ionization found at 34 volts by 
Horton and Davies was due to singly charged ions of this sort, and that 
another similar ionizing potential exists at 38 volts. The lines of the 
blue spectrum on this hypothesis, correspond to transitions involving 
spectral terms whose limits are these ionizing potentials. That is, they 
are emitted by transitions of an electron falling into the excited atom; or, 
after it has fallen part way in, transitions to other orbits of the electron 
first excited; or, finally, simultaneous transitions of both. At high pres- 
sures, the 19 volt critical potential, on this hypothesis, corresponds to 
excitation of an ordinary ion to the same state as was reached before by 
a single impact with a normal atom. The subsequent emission of the 
blue spectrum is, then, the same as the above. 

It will be noted that the production of an excited ion from a normal 
atom in the above described manner is effectively the same as transition 
(d) of Fig. 4 although the explanation of the blue spectrum is different. 

Transitions of a more closely bound electron. Another possibility which 
should be mentioned is that, in ionizing an argon atom, an electron may 
be removed from a sub-level of the M shell nearer the nucleus than that 
of the electron which is most easily removed. That such an ionization 


may sometimes occur is shown by the work of Foote, Mohler et al.'® with 


the alkali metals. In the case of these elements it was possible to extract 
an inner electron without removing the outer one. In argon where the 
electrons concerned are all in the outer shell, the choice as to which is to 
be ejected at an impact should be more even. 

Suppose that removing this second type of electron requires 34 volts 
energy. It would be expected to have excited states up to this limit and 
the blue spectrum involving these would thus be a second arc spectrum, 
and not associated with doubly charged ions at all. An examination of a 
Moseley diagram*® giving the x-ray levels of the elements in which the 
M shell is in process of completion, yields no definite evidence concerning 
this view, because the data relative to the early stages of the M levels are 
incomplete and indefinite. However, the existence of a sub-group of the 
M shell which would give a considerably higher ionizing potential than 
the ordinary one at 15.2 volts is strongly indicated. The difference 
between 15.2 volts and 34 volts appears to be quite reasonable. 


'® Mohler and Foote, Bur. Standards, Sci. Paper No. 425 (1922) 
Foote, Meggers and Mohler, Astrophys. J. 55, 145 (1922) 
Mohler, Foote, Ruark and Kiess, J. Opt. Soc. Amer. 7, 62 (1923) 
Mohler, Science 58, 468 (1923) 
*° Compton and Mohler, Bull. Nat. Res. Council; Critical Potentials, p. 109. 
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Summary of possibilities. The above detailed consideration of atomic 
transitions of several types may be made clearer, from a physical point 
of view, by the following general summary. At first it is assumed that the 
production of the 34-38 volt lines of the blue spectrum requires the dis- 
placement from their orbits of two electrons of the same group in the 
M shell. It may be necessary to remove them from the atom. If sucha 
removal is not accomplished by a single impact it may be accomplished 
by cumulative action, in which case the numerical agreement with ex- 
perimental observations which can be obtained is quite convincing. 
However, the reasons for assuming less cumulative action in the writer’s 
experiments than in those of Dejardin et al. are not conclusive. As an 
alternative, therefore, the identity of the 34 volt lines with the spark 
spectrum is abandoned as an hypothesis, and the possibility of a partial 
excitation of this spectrum considered. This appears to fail since it does 
not account for the number of lines observed. 

The hypothesis is then made that an ionizing potential exists at 34 (and 
possibly 38) volts but that the resulting ions are singly charged. To 
reconcile this with the known 15.2 volt value for singly charged ions it is 
assumed that the resulting ion is excited and that such excitation consists 
in the displacement of a second electron to an abnormal orbit. Transi- 
tions involving this and another electron falling into the atom then emit 
the blue spectrum lines. Similar to this is the explanation which assumes 


that an electron of the type which we have until now always considered, 


remains in its normal orbit while an electron of a new type, one more 
closely bound to the nucleus, is removed and then is replaced through 
successive levels with the consequent emission of radiation. 

The writer wishes to acknowledge his great indebtedness to Dr. H. D. 
Smyth who permitted the use of his apparatus for this and further work, 
and to thank him and Professor K. T. Compton for many suggestions and 
general encouragement. 

PALMER PuysIcAL LABORATORY, 

PRINCETON, N. J. 
December 20, 1924 
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THE TOTAL IONIZATION PRODUCED IN AIR BY 
ELECTRONS OF VARIOUS ENERGIES 


By GLapys A, ANSLow 


ABSTRACT 


Range in air and total ionization by electrons of energy up to 2225 volts.— 
Electrons from a tungsten filament were accelerated to a cylindrical anode 
with a small axial hole through which a fraction passed into a hemispherical 
ionization chamber maintained at a definite pressure by means of an adjustable 
leak, while the filament chamber was connected to a diffusion pump. The 
number of electrons entering the ionization chamber and the number of positive 
ions formed by them was measured with an electrometer. From ionization- 
pressure curves the range of electrons of various energies was determined, and 
was found to obey the fourth-power velocity law R «v', or \/R = V/15900, where 
V’ is the energy in equivalent volts and R is in cm at atmospheric pressure. 
The total ionization curve begins at 17 volts, and rises with minor peaks at 127, 
250, 375 and 494 volts of 1.83, 2.70, 4.10 and 5.05 ions per electron, to 43.2 ions 
per electron at 1000 volts; then the increase is approximately linear to 55 ions 
per electron at 2225 volts, and the values of others for high speed electrons 
indicate that this increase continues at about the same rate. These results tend 
to confirm Bohr’s theory of ionization as corrected by Fowler. The voltages at 
which the total ionization shows peaks are interpreted as the ionization poten- 
tials of the L-electrons of argon (250) and the K-electrons of nitrogen (375) 
and of oxygen (494). The ionization per cm of path at 1 mm pressure, obtained 
by di viding the total ionization by the range, reaches a maximum of 112 
ions/cm for 40 volts and a second maximum of 13.9 ions/cm for 987 volts. The 
first maximum agrees with that predicted from the ionization potentials of 
the molecule and atom of nitrogen, and the second corresponds to twice the 
ionization potential for the K-electrons of oxygen and gives a value of 22.8 
volts energy per ion pair produced, in agreement with theory. For electrons 
with 40 volts energy, Bohr's theory gives the maximum effective radius of air 
molecules during collision as approximately 5X10-* cm. The 987 volt 
electrons are probably those which give the “‘sphere”’ tracks in C. T. R. Wil- 
son's photographs. Their range is .04 mm at atmospheric pressure. 


HE variation of the ionizing efficiency of electrons in air and in 

various gases with the speed of the ionizing particle has been deter- 
mined for very low-speed electrons and for the high-speed 8-particles, 
but no exact determinations have been made in the intervening range of 
velocities. In this region there should be some velocity for which the 
ionization per unit length of path at a given pressure is a maximum, 
since this quantity has been found to increase with the velocity with low- 
speed electrons and to decrease as the velocity of high-speed electrons 
increases. The experiment to be described furnishes a method of deter- 
mining the total ionization produced by electrons whose velocities are 





TOTAL IONIZATION BY ELECTRONS IN AIR 485 


in this intervening range, and affords simultaneously a measure of the 
range of the particles and a determination of the mean ionization pro- 
duced per unit length of path at a given pressure. Some of the more 
important results have already been published in a preliminary note.' 

Among the previous measurements with slow-moving electrons are 
those by Kossel,? who found in various gases that the ionization per 
centimeter of path at 1 mm pressure has a maximum value at less than 
200 volts. This maximum was located with more precision by F. Mayer,’ 
and recently by Hughes and Klein.‘ In all cases the ionization produced 
rises rapidly to a maximum value as the voltage increases to 100-150 
volts and then decreases slowly, the magnitude and location of the 
maximum varying with the gases. Also, in a direct measurement of the 
total ionization produced in a number of gases J. B. Johnson® found that 
up to 200 volts, total ionization appeared to be a linear function of the 
energy of the ionizing electron. 

In the region of high-speed electrons the lowest velocities were used 
by Durack® and Glasson,’ who found, respectively, that .43 and 1.5 ions 
per cm of path at 1 mm pressure were produced by 4000-volt electrons, 
and that this number was smaller with faster-moving electrons. W. Wil- 
son’s® results showed that for high velocities, ionization per unit length of 
path is inversely proportional to the initial energy of the electrons. The 
total ionization produced by §-rays in air was determined by Eve* from 
the absorption coefficient; and more exact values, corrected for reflection, 
were obtained by Geiger and Kovarik,'® who found that at atmospheric 
pressure 67 ions were formed in the first centimeter of path of a high-speed 
3-particle. 


In connection with the present work the recent cloud experiments of 
C. T. R. Wilson" showing the tracks made by §-rays generated in a gas 
by x-rays, are very important. Wilson groups these tracks into classes 
including “spheres,” “‘commas,”’ “‘fish-tracks,”’ and short and long-range 
tracks. The “sphere’’ tracks, of less than .1 mm length are due to 8-rays 


' G. A. Anslow, Science, 60, 432, (1924). 
> W. Kossel, Ann. der Phys. 37, 393 (1912). 
’ F. Ma/yer, Ann. der Phys. 45, 1 (1914). 
* A. LI. Hughes and E. Klein, Phys. Rev. 23, 111, 450 (1924). 
’ J. B. Johnson, Phys. Rev. 10, 609 (1917). 
' J. E. Durack, Phil. Mag. 4, 29 (1902); 5, 50 (1903). 
* J. L. Glasson, Phil. Mag. 22, 647 (1911). 
W. Wilson, Proc. Roy. Soc. 85, 240 (1911). 
* A, S. Eve, Phil. Mag. 22, 551 (1911). 
'° H. Geiger and A. F. Kovarik, Phil. Mag., 22, 604 (1911); A. F. Kovarik, Phil. 
Mag., 20, 349 (1910). 
"C. T. R. Wilson, Proc. Roy. Soc. A 104, 1, 192 (1923). 
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which produce the maximum ionization per cm and Wilson estimates 
that their velocity corresponds to considerably less than 2000 volts. The 
present experiments fix this voltage at just less than 1000 volts. The 
location of a maximum in this region was also indicated in the early 
experiments of Lenard” who accelerated photo-electrons to a fluorescent 
screen and found that the effect was a maximum near 2000 volts. 


THEORIES OF IONIZATION 


The effect of electronic collisions was first discussed from the stand- 
point of the classical theory by J. J. Thomson," who assumed that the 
velocity of the electrons in the atom is much smaller than that of the 
impacting electron, and calculated the probability of ionization by an 
electron which passes within a minimum distance of an atom. He found 
that ionization should begin when the energy of the moving electron 
is equal to the work necessary to remove the electron from the atom, and 
that ionization per unit length of path should rise rapidly to a maximum 
value as the energy increases to twice this value and should then decrease 
slowly. 

This theory was further deve'oped by Bohr“ who introduced the con- 
ception of the existence of certain natural frequencies for electrons which 
move in orbits around a nucleus, and the idea that the ‘‘time of collision” 
must be of the same order of magnitude as the period of the electron in 
the atom, an assumption which introduces an upper limit to the “‘effective 


radius” of the atom. This idea has also been discussed by Ramsauer.” 


Bohr also considered the emission of secondary electrons by the primary 
ones if the latter move away from the nucleus with sufficient energy to 
ionize. The work of ionization may be the same or different for the two 
types of ionization, and he assumes that most of the secondary electrons 
are emitted for the smallest energy required to ionize the gas. He found 
that the number of ions J formed in the distance Ax in a gas with V 
atoms per unit volume is given by the equation 


2ret*NAx Wn 1 1 1 1 
Peace (aS a ee 
mv? Ww=WiL\W Qo W+W, Qo 


where (Q, is the energy of the moving particle and v is its velocity, W the 
work of ionization for the primary electron of which there may be n 
types, 11’; the work of ionization for the secondary electron, and e and m 


2 P. Lenard, Ann. der Phys. 12, 449 (1903). 

8 J. J. Thomson, Proc. Phys. Soc. Lond. 27, 96 (1914). 

'*N. Bohr, Phil. Mag. 25, 101 (1913); 30, 581 (1915). 

% C. Ramsauer, Jahr. d. Radioact. 9, 515 (1912); Ann. der Phys. 64, 513 (1921); 
66, 546, (1921); 72, 345 (1923). 
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are the electronic charge and mass. If Q» is large as compared with all 
the W’s, Bohr obtained as an approximate expression 
Inn : 
[= se — Le > ioe) ; (2) 
mv? W, Wew. W 

Eq. (1) indicates that we should expect a maximum value of the mean 
primary ionization per cm at twice the ionization potential for a gas with 
only one ionizing potential, but at a higher potential for gases with several 
ionizing potentials; and it indicates a slow decrease in the mean ionization 
per cm above this potential. Eq. (2) also predicts this maximum and 
indicates a sudden decrease in the ionization for values of Q) correspond- 
ing to values of ionization potential which are large compared to the other 
ionization potentials. 

Assuming that all the energy of the electron will be used in ionizing 
collisions Bohr derived an expression for its range R 
mic! [(1—8*)'+ (1—6*)-#—2] 
2retN >" [log(k*c*NnAx/4xv*) — log{(1 — B*)/p?|—B*| 
where @ is the ratio of the velocity of the electron to the velocity of light 
c, k is the gas constant, and » the orbital frequency of the electron. This 
equation shows that for small velocities the range of an electron should 
be proportional to the fourth power of its velocity, a result which is con- 
firmed by the experiments of Whiddington" and others. 

The subject of ionization by electrons has been discussed by R. H. 
Fowler,'? who points out that Bohr’s theory assumes that secondary 
electrons are emitted from an atom at an expenditure of only their work 
of ionization. He assumes that they are released with various kinetic 





(3) 


energies and examines the distribution law for these energies. He finds 
that if the initial energy is at least three times the work of ionization the 
number of electrons set free by one electron is a function g(z) of the 
velocity where 


g(z) =3(s—p)/p, approximately. (4) 


In this equation z represents the square of the velocity of the initial 
electron and p that required for ionization. Thus Fowler states that the 
expressions for the mean ionization per cm given by Bohr’s theory 
should be multiplied by approximately 3/4, and the expression for the 
range by 2 or 3. 

In his last paper Fowler'® considers the effect of the reciprocal process 
n collisions, that is, the capture of one of two electrons which collide 

* R. Whiddington, Proc. Cambridge Phil. Soc. 16, 321 (1911). 


'" R_H. Fowler, Proc. Cambridge Phil. Soc. 21, 521, 531 (1923). 
‘* R. H. Fowler, Phil. Mag. 47, 257 (1924). 
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simultaneously with an ionized atom; one will be caught and the other 
will move on with an energy which is the sum of the initial electronic 
energies increased by the work of ionization. The analysis is similar 
to that employed by Klein and Rosseland,'? who examined the collisions 
which occur when the bound electron is on an outer orbit and is caused 
by the collision to return to an inner stationary state. Such collisions 
would decrease the amount and efficiency of ionization. 


APPARATUS AND EXPERIMENTAL PROCEDURE 


All previous experiments with low-speed electrons have been limited 
in their range due to the fact that the pressure in the chamber where the 
electrons are generated was the same as that in the ionization chamber. 
If the dimensions of the chamber are of normal size the electrons will 
reach the sides of the vessel before their energy has been entirely used up 
unless the pressure in the chamber is sufficiently high. In this case the 
distance between the source and the anode will not be very much less 
than the mean free path of the electron and a large number of ions formed 
in this space are uncounted. Therefore, an attempt has been made to 
generate electrons in a high vacuum, to accelerate them in a distance very 
small compared with their mean free path, and then to pass them without 
retardation into a chamber at a higher pressure. This pressure must be 
adjustable so that for all observations on total ionization the dimensions 
of the vessel are just greater than the range of the electrons. 

Fig. 1 shows the construction of the filament tube and the ionization 
chamber. The tungsten filament f was a Coolidge tube element, furnished 
by the General Electric Co., to whom I wish to express my thanks at 
this time. The leads to the filament passed through the glass tube ¢’, 
which was supported by the outer tube ¢ with a ground glass joint. The 
other end of ¢ was welded to a copper tube about 5 cm in diameter, which 
in turn was soldered to the large cylindrical earthed container a, made 
of brass. The filament was held 2 mm from the anode p, which was a 
brass plug 1.1 cm thick and 2.5 cm in diameter with a capillary hole, .2 
mm in diameter, along its axis. The plug was insulated from the ioniza- 
tion chamber ¢ and the container a by a wood-fiber ring e which was 
cemented to the lid of the shield a. The seal, made with a venice turpen- 
tine and shellac cement and baked out at 100° C for at least two hours, 
withstood the great heat from the filament. The base of a was soldered 
to its sides, but the lid was held in place by Boltwax to permit frequent 
opening of the vessel. The ionization chamber c was a hemispherical 


'*O. Klein and S. Rosseland, Zeits. f. Phys. 4, 46 (1921). 
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copper bowl of radius 7.33 cm with the end of the capillary in the anode 
at its geometrical center. This shape was necessary because, although the 
beam of electrons entering the chamber was cylindrical, some of the 
electrons must have been scattered by collisions and this shape prevented 
them from hitting the sides of the vessel before the undeflected electrons 
had reached the end of their paths. The four rods d of brass, bent into 
arcs of circles and joined together, served as electrodes for the measure- 
ment of the ionization current. Electrical contact to these was made 


_ 7 





























Fig. 1. Diagram of filament tube and ionization chamber. 


through the rod m, to the ionization chamber by the rod n, and to the 
anode by the fine wire g. All these leads were insulated from the chamber 
and shield by ebonite plugs. 

Considerable care was taken in adjusting the support for the chamber 
so that the axis of the chamber and of the capillary hole in the plug was 
parallel to the resultant earth’s magnetic field at the station. This was 
done to avoid a magnetic deflection of the electrons as they passed from 
the filament to the chamber. The magnetic dip was found with a dip- 
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circle after all the motors and other apparatus with magnetic materials 
had been placed in the room. 

Air from a carboy at low pressure leaked through a capillary, and after 
having passed over a drying tube filled with phosphorous pentoxide it 
entered the ionization chamber at /. A McLeod gauge, attached close to 
l indicated the pressure in the chamber. The air leaked slowly from the 
ionization chamber through the plug / into the filament tube, where it 
was pumped away by a diffusion pump system. This consisted of one 
diffusion pump with a liquid-air trap, attached close to the filament tube, 
and with a large capacity oil-pump as fore-pump. The pressure in the 
filament tube was indicated by a second McLeod gauge, and was kept 
between 10 and 10 mm while the pressure in the ionization chamber 
was varied from 0.001 to 2.2 mm. For the readings taken at the larger 
pressures two diffusion pumps were used in parallel. 












































+ 


Fig. 2. Diagram of electrical circuits. 

The electrical connections are shown in Fig. 2. The filament was 
connected to the negative terminal of a bank of storage cells for voltages 
up to 300 volts, and to a direct-current motor-generator for high voltages, 
the anode and the positive terminal being connected to earth. The voltage 
was measured at the leads to the filament, and half the voltage drop along 
the filament, 3 volts, was subtracted from the greater value to give the 
accelerating potential applied to the electrons. The shielding cylinder a 
and the copper tube ¢ to which a was soldered were always connected to 
earth. 

To measure the electrons entering the ionization chamber in a given 
time, the rods and the chamber were connected together and to one pair 
of quadrants of the electrometer, the other pair being to earth. The 
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number of positive ions formed was taken as a measure of the ionization, 
and this was accomplished by connecting the rods to the positive terminal 
of the batteries B, their negative terminal being to earth. The positive 
ions flowed to the chamber, and charged up the quadrants of the electro- 
meter. The reversal of the connections was made through a mercury-cup 
of small capacity, housed in an earthed tin box. The electrometer was 
used at a sensibility of about 230 divisions per volt, and 44-48 volts 
potential on the rods was used to obtain the saturation value of the 
ionization current. The Townsend null method of measurement was used ; 
that is, the electron and positive ion currents were balanced in turn by 
an opposing current from a potentiometer system P which charged 
standard air condensers C’, shunted to the electrometer. 
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Fig. 3. lonization-pressure curve for 700-volt electrons. 


For a number of voltages readings were taken at various pressures, the 
pressure being read immediately after the electrometer readings. In 
Fig. 3 is plotted a typical ionization-pressure curve. For high pressures 
the ionization produced at a given voltage was practically independent 
of the pressure. As the pressure was decreased, however, a critical value 
was passed below which the ionization decreased rapidly with a decrease 
of pressure. This was due to the fact that at these pressures the electrons 
hit the sides of the vessel before they had finished ionizing, since the 
radius of the vessel was less than their range. Therefore the average of 
the values on the horizontal part of the curve just beyond the critical 
pressure was taken as a measure of the total ionization produced by an 
electron at this voltage. Too high pressures in the ionization chamber 
were avoided, for with these pressures the percentage of error in the 
results, due to the number of ions produced in the capillary and which 
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are uncounted, is increased. If it is assumed that there is a linear drop 
of pressure along the capillary the percentage uncounted is measured by 
the ratio of the half-length of the capillary to the radius of the chamber 
increased by this half-length, and accordingly from the dimensions used 
the readings taken at the critical pressure should be increased by 7 per 
cent. 

After a number of ionization-pressure curves had been plotted, the 
square roots of the critical pressures were plotted against the correspond- 





1500 





| 
| 
| 
| 
| 
| 
4 
} 














rm | 
a5 5 


: 15 
(Pressure im mm)” 
Fig. 4. Energy of the electrons expressed in volts plotted against the square-root of 
the critical pressures. 


ing voltages, as in Fig. 4, and a linear relation was found to exist between 
these quantities. The equation of this line, which passes through the 
origin, is 

V =1620V p ; (4) 


where V is measured in volts, and p in mm. From this equation the 
critical pressures could be calculated for different voltages and these were 
used in taking the observations for total ionization. 

Finally, the total ionization produced per electron was plotted against 
the energy of the electron in volts, readings being taken at frequent 
voltage intervals throughout a range of 2225 volts. The graph of the 
results is given in Fig. 5, where each point on the curve is the average 
of from two to five separate observations. For convenience in plotting, 
the scale for the ordinates at high voltages is one-fifth of that at low 
voltages. Readings at higher voltages were not taken because the 
diffusion pumps used were unable to maintain the pressure in the filament 
tube sufficiently low when the pressure in the ionization chamber was 
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much above 2 mm. The critical pressure is proportional to the square 
of the voltage used and would have to be over 6 mm for 4000-volt 
readings. 


DISCUSSION OF RESULTS 


The graph in Fig. 5 shows that ionization of air by slow electrons starts 
at about 17 volts, which is in agreement with the result obtained by 
Smyth” for the ionization potential for the L-electrons of the nitrogen 
molecule, the ionization potential for the atom being found by him at 
24.1 volts. The curve rises steadily with the increasing energy of the 
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Fig. 5. Total number of ions produced per electron at the various voltages used. 


electrons until it reaches 125 volts, after which ionization increases slowly, 
the character of the curve up to this voltage being similar to that found 
by Mayer® who, however, found the curve to fall very slowly after 130 
volts. This is probably due to the fact that at the pressure he used, 
.0035 mm, the range of electrons of energies corresponding to more than 
about 100 volts is greater than the length of the path they travel as 
estimated from the diagram in his paper, so that beyond this voltage 
he measured only the ions which were formed in the part of their range 
included in this path. At approximately 170 volts, secondary ionization 
causes the curve to rise until the first ionization potential for an electron 
on the second ring of one of the atomic constituents of air is passed, at 
which voltage there should be a sudden decrease in total ionization 
according to Bohr’s theory. This occurs at 250 volts and may be due to 
argon. Fowler’? quotes 250 volts as an ionization potential for argon and 


*? H. D. Smyth, Proc. Roy. Soc. A 104, 121 (1923). 
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it is indicated in the graph of the voltages which excite L-radiations as 
given by McLennan and Clark." Hughes and Klein‘ have also found 
an indication of a break in the ionization curve for argon at this voltage. 
As soon as the increase in secondary ionization balances this decrease 
the curve begins to rise again near 300 volts, until the K-limit for nitrogen 
is reached by 375 volts. This value agrees with the one found by Mohler 
and Foote* at 374 volts by a photo-electric method. Here ionization 
decreases until the curve reaches 450 volts, and then rises to 494 volts, 
the ionizing potential of the K-level electrons of oxygen, which was 
found by Kurth* to be at 518 volts and by Mohler and Foote at 478 volts. 
The rapid rise in the ionization from the K-ring electrons of nitrogen 
partially offsets the decrease in ionization due to the ionizing of oxygen 
at this voltage, so that there is a slow decrease in ionization up to about 
550 volts where the amount of ionization starts to increase rapidly. 

In the region just covered the ionizing efficiency of the electron is 
seldom much more than 20 per cent. Hughes and Klein‘ found that even 
at their maximum value for primary ionization only 20-30 per cent of the 
collisions are ionizing. This is probably due to the fact that many 
collisions result in the transference of an electron from an inner level 
to a level of higher quantum number, with a resulting emission of radia- 
tion when the electron returns to its former orbit. 

When the energy of the ionizing electrons is greater than that cor- 
responding to 550 volts the total ionization produced increases again, 
and the ionization curve rises rapidly between 800 and 900 volts; after 
1100 volts it rises steadily but slowly as the accelerating voltage is 
increased. 

From Eq. (4), assuming that the pressure in a vessel and the range of 
an ionizing particle are inversely proportional at a given temperature, 
the equation between the voltage and the range in cm at atmospheric 
pressure was found to be 


1 =15900VR ; (5) 


or at 1 mm pressure 

R=3.00X10-°V? . 
From this formula the range of the electrons at the observed voltages 
was calculated and the average ionization per unit length of path at the 
corresponding voltage found by dividing the experimentally determined 
value of the total ionization by the range. The numerical values for some 


21 J. C. McLennan and M. L. Clark, Proc. Roy. Soc. A 102, 389 (1922). 
* F, L. Mohler and P. D. Foote, Sci. Papers Bur. Standards, No. 425 (1922). 
23 FE. H. Kurth, Phys. Rev. 18, 461 (1921). 
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of the more critical voltages are tabulated in Table I and all the results 
are shown in Fig. 6, where the average ionization per cm is plotted against 
the voltage. In Fig. 7 the average ionization per cm produced by electrons 
of at least 600-volt energies is plotted against the range of the ionizing 
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lig. 6. Ionization per cm of path at 1 mm pressure plotted against the energy of the 
electrons expressed in volts. 


electron. The corresponding curve for lower voltages is similar but 


should be plotted on a different scale since the range of electrons of less 
than 577-volt energy is less than 1 cm at 1 mm pressure. 
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Fig. 7. lonization per cm of path plotted against Pi in cm at 1 mm pressure. 
The curve in Fig. 6 shows two maxima at about 40 volts and 987 volts. 

The first maximum is probably due to the simultaneous ionization of 

nitrogen molecules and atoms, whose ionization potentials are 17 and 

24.1 volts as already stated, since according to Bohr’s theory a gas with 

these two ionization potentials should show maximum primary ionization 
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per cm at 39.8 volts. Similarly, the second maximum occurs at twice the 
ionization potential for the K-electrons of oxygen; the maximum ioniza- 
tion per cm due to the ionization of nitrogen which should appear at 
about 750 volts is probably masked in air by the ionization of oxygen. 
For voltages beyond these which give the maxima the average ionization 
per cm decreases suddenly at the ionization potentials 250, 375, and 494 
volts, precisely as in the case of total ionization. 














TABLE I 
Accelerating Range at 1 mm Ions per electron Ions per electron 
voltage pressure per cm at 1 mm 
pressure 
18 .00098 cm .05 51.2 
28 .00236 .19 82.7 
35 .00368 .40 108.2 
41 .00505 .56 111.2 
47 .00663 63 95.0 
84 .0212 1.09 51.4 
122 . 0447 1.69 37.8 
156 .0730 1.72 23.6 
198 .128 1.87 14.6 
247 183 2.52 13.8 
295 . 262 2.39 9.12 
347 .363 3.40 9.36 
372 415 3.82 9.18 
397 473 3.71 7.84 
494 .733 4.72 6.43 
600 1.080 5.87 5.43 
700 1.470 9.08 6.19 
800 1.920 12.9 6.72 
890 2.37 24.1 10.14 
905 2.46 30.4 12.36 
952 2.92 36.7 13.50 
972 2.83 38.8 13.69 
985 2.90 40.4 13.91 
992 2.95 40.8 13.82 
1050 3.31 42.5 12.85 
1105 3.66 44.1 12.04 
1200 4.32 44.6 10.32 
1400 5.88 46.2 7.85 
1500 6.75 47.0 6.96 
1808 9.80 48.8 4.98 
2225 14.85 51.4 3.46 











The total number of ions produced at the 987-volt maximum, corrected 
for the 7 per cent loss of ions in the capillary tube, was found to be 43.2, 
which means that 22.8 volts of energy were expended in producing each 
ion pair. As Fowler has pointed out, ionization by collision should require 
approximately four-thirds of the lowest ionization potential of a gas per 
ion pair. Air consists mainly of nitrogen with an ionization potential 
of 17 volts, and, therefore, about 22.7 volts of energy should be used in 
this way. C. T. R. Wilson" found by counting the number of primary 
and secondary ions along his 8-ray tracks a value of 26 volts per ion pair. 
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The ionization produced by 987-volt electrons is shown by the sphere 
tracks in his photographs where ionization is at its maximum efficiency. 
Equation (5) gives the range of these electrons as 0.04 mm at atmospheric 
pressure. 

Wilson also obtained a value of 21,000 for the coefficient in the voltage- 
range equation from the measurement of ionization tracks which are 
probably due to electrons of 7700 and 8600-volt energies. For such 
voltages the variation of the mass of the electron with its velocity is not 
negligible and becomes large in the range of velocities used in the ab- 
sorption experiments of Schonland™ with cathode rays, and of Varder® 
with 8-rays, whose determinations yield a coefficient which varies from 
22000 to 7000 as the velocity of the particle increases. The value pre- 
dicted by the Bohr theory is about 7000, and as Fowler has pointed out, 
this value should be multiplied by a numerical factor of 2 or 3. These 
experiments indicate that for slow-moving electrons the multiplying 
factor is approximately 2. 
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Fig. 8. lons per electron as a function of the pressure in mm for 295-volt electrons. 
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The experimental curve showing the relation between the total ioniza- 
tion produced and the pressure is also of interest. The curve obtained for 
an electron of energy corresponding to 700 volts was given in Fig. 3. 
The'curve obtained at 295 volts is given in Fig. 8. Although the emission 
of secondary electrons from the bowl may be the cause of some of the 
irregularities in the curves at low pressure, it is believed that the sharp 
breaks correspond to changes in the type of ionization produced at 
different points in the range of the particle. At the beginning of its range 
the electron will ionize by the removal of electrons whose natural period 


* B. F. J. Schonland, Proc. Roy. Soc. A 104, 235 (1923). 
* R. W. Varder, Phil. Mag. 29, 725 (1915). 
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is of the same order of magnitude as the ‘‘time of collision.’’ Part of its 
energy will be absorbed in these collisions and after this has decreased 
below the amount required to ionize these electrons there will be a change 
in slope of the curve. The values of the pressure at which these breaks 
occur indicate that the unutilized parts of the ranges correspond to 
250-volt energies in the 295-volt curve, and to 495-volt energies in the 
700-volt curve. These are critical voltages in the curve for total ioniza- 
tion. The change in slope in the first part of the 700-volt pressure curve 
is probably gradual. 

The voltage-pressure readings seem to substantiate the evidence given 
by the total ionization-voltage readings that a colliding electron ionizes 
an atom by removing one of the electrons whose period is approximately 
the same as the “‘time of collision.”’ If the colliding electron is moving too 
rapidly this time is not sufficient for the transfer of enough energy to 


ae 


completely remove an electron from its atom, and if the “time of collision” 
is greater than the natural period, its energy, even though entirely 
transferred, is too small to produce ionization. 

An estimate of the upper limit for the effective radius of the atom 
during primary ionization can be obtained from the maximum values 
of the ionization per unit length of path, for Bohr“ has given an approx- 
imate expression from which this radius p may be calculated 


== Je4 2 p2 
QO=2e* mvp 


where Q is the energy exchanged in the collision, and v the velocity of the 
colliding electron. Hence, if on the average 20 volts of energy are lost 
during the primary collisions of 40-volt electrons, p should be 5.12 x 108 
cm, approximately. The results of this experiment show that about .56 
of the collisions of these electrons in the range .005 cm are ionizing, which 
indicates that the mean collision frequency for these electrons is nearly 
200, or 10.3 times the value predicted by the kinetic theory for the 
frequency of collision between electrons and air particles, and that the 
effective radius of the latter during such collisions is approximately 
5.031075 cm. At higher voltages the mean frequency of ionizing 
collisions decreases rapidly, approaching the kinetic theory value at 
150 volts, and becoming about 1/4 of this near 600 volts, for in this region 
the number of secondary collisions is very large and the value of the 
effective radius derived from ionization data is a mean value due to 
primary collisions with electrons on inner atomic orbits, and secondary 
collisions with those on outer orbits. Near the second maximum, at 987 
volts, the experiment shows that each electron produces 40.5 ions at the 
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rate of 13.9 ions per cm, which indicates that the mean frequency of 
primary collisions is .343 per electron, and that the effective radius of 
the particle during collisions is approximately .208 X10~° cm. Assuming 
as before that when the efficiency of ionization is a maximum, half the 
energy of the electron is transferred in a collision, the Boh. formula gives 
.207 X 1078 cm as the upper limit for this radius when 987-volt electrons 
collide with electrons on inner atomic orbits. 

Finally, it is possible to extrapolate along the experimental curve of 
total ionization plotted against the corresponding energy, for there is a 
steady rise in the curve beyond the voltage which gives the maximum 
ionization per cm of path to the last experimental reading at 2225 volts, 
and since the K-rings of both nitrogen and oxygen have undergone 
ionization at lower voltages there is no reason to expect that there will 
be any large change in the rate of increase of ionization in the next 
2000-volt interval. Deriving a value, corrected for the 7 per cent capillary 
tube error, of 68.2 ions at 4000 volts, and calculating the range by Eq. (6) 
to be 48.0 cm, it is found that 1.42 ions per cm should be produced at 
1 mm pressure by electrons with 4000-volt energies. Glasson’s’ ex- 
perimental value at this voltage was 1.5. Also, assuming the same rate 
of increase of ionization to continue indefinitely, it is found after cal- 
culating the energy of 8-rays whose velocities are 0.8 and 0.985 times that of 
light using the relativistic formula for energy, that 2.4 and 17.9 10° ions 
should be formed by 8-rays with these velocities. The number of ions 
counted by Geiger and Kovarik" in their experiment dealing with 6-rays 
of these velocities ranged from 3.3 to 17.310°. The agreement is at 
least of the same order of magnitude. Therefore, it seems probable that 
electrons whose energy is more than that which produces the maximum 
ionization generate ions at the rate of approximately .72 of an ion per 
100 volts of energy. 


CONCLUSION 


The importance of the results of the experiment lies in their confirma- 
tion of the Bohr theory of ionization as corrected by Fowler, (1) by the 
determination of the voltages at which the maxima for the mean ioniza- 
tion per unit length of path occur in air and of the number of ions then 


produced ; (2) by the location of ionization potentials corresponding to elec- 


trons On inner atomic rings shown by a decrease in the total ionization 

produced at these voltages; and (3) by a verification of the fourth-power 
clocity-range law. In the near future the author expects to extend these 
xperiments to a number of pure gases. 
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LOW VOLTAGE ARCS IN PHOSPHORUS VAPOR 


By O. S. DUFFENDACK AND H. HUTHSTEINER 


ABSTRACT 


Low voltage arcs were struck in phosphorus vapor obtained by heating 
pure red phosphorus to about 335°C in a discharge tube. The minimum arcing 
potential was found to be 10.3 volts. This is also the voltage at which ionization 
begins in a vapor containing a high percentage of atomic phosphorus. The 
monatomic gas is obtained by heating a molybdenum box-shaped anode by 
radiation from tungsten filaments mounted inside it. It is concluded that this 
is the ionizing potential of the phosphorus atom. The relation of these results 
to those of previous observers is discussed. The spectrum of the low voltage 
arc contains beth lines and bands. The lines are those of the arc spectrum of 
phosphorus and are probably due to atoms formed by dissociation at the 
filament. Both lines and bands exhibit the same changes in relative intensity in 
different parts of the arc and in arcs at 12 and 48 volts. 


1. INTRODUCTION 


NCIDENTAL to an investigation of the disappearance of nitrogen 
from discharge tubes containing phosphorus, an experimental study 


was made of the ionization of phosphorus by electron impacts. The 
method of the low voltage arc was employed, and it was the purpose of 
this work to determine the minimum voltage at which an arc can be 
maintained in phosphorus vapor and whether the atom or the molecule 
is ionized. 

The only previous determination of the ionizing and radiating poten- 
tials of phosphorus was made by Mohler and Foote.! They used a four 
clectrode tube consisting of an incandescent cathode (molybdenum 
filament), an iron anode, and two gauzes intervening between. The 
potentials of inelastic collisions and of the ionization of the vapor were 
determined by appropriate methods. They reported 13.3 volts for the 
ionizing potential and 5.80 volts for the minimum radiating potential. 

As the ave spectrum of phosphorus has not been classified into series 
and since the band spectrum of phosphorus is not well known, it is 
impossible to get spectroscopic confirmation of the critical potentials. 
here is a group of lines in the arc spectrum? near \2150 A, any one of 
which could serve as the resonance line and give a radiating potential by 
ihe quantum relation eV =hy in fair agreement with that Mohler and 


’ Mohler and Foote, Bur. Stds. Sci. Paper 400, 1920. 
* Miss M. O. Saltmarsh, Phil. Mag. 47, 274 (1924) 
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Foote reported. On the other hand, the “rayes ultimes” of phosphorus 
are the strong lines® 2535.6 and 2553.3, and, if these are resonance lines, 
the minimum radiating potential should be about 4.8 volts. The spectrum 
has not been investigated in the region which would be occupied by a 
series whose convergence frequency would correspond to 13.3 volts. 

Owing to a lack of spectroscopic confirmation of their ionizing and 
radiating potentials in the line spectrum of phosphorus, Mohler and 
Foote suggest that these critical potentials may belong to a molecule and 
not to the atom. Phosphorus vapor is known to consist of a mixture of 
P, P:, and P, with the heavier molecules predominating at low tem- 
peratures. At the temperatures and pressures prevailing in their ex- 
periments, the vapor would consist mostly of P2 and Py, though the 
incandescent filament would cause a larger amount of atomic phosphorus 
than would be present under equilibrium conditions. Some of the atoms 
formed by dissociation at the filament would diffuse into the region 
where light is being excited by electron impacts. 


2. METHOD 


In the experiments which form the basis of this paper, phosphorus 
vapor was obtained by heating red phosphorus in a side tube sealed on 
to the discharge tube as shown in Fig. 1. The phosphorus was as pure 
as could be obtained and was washed free of phosphorus acids just before 
being put into the tube. The vapor pressure was regulated by the 
temperature of the oven surrounding the tube. The phosphorus vapor 
diffused out of the tube and condensed in a liquid air trap connected 
to it. A short length of capillary tubing inserted between the tube and 
the liquid air trap served to cut down the rate of diffusion and to keep up 
the vapor pressure in the tube. A mercury condensation pump was kept 
attached to the apparatus continually to take off any gas that might form 
or be evolved during a run. A sufficient density of phosphorus vapor for 
the arc was thus maintained at temperatures below that at which red 
phosphorus is rapidly converted into the white form, and the rate of 
diffusion of phosphorus out of the tube was quite small. Only red phos- 
phorus was used in these experiments, but Mohler and Foote! made 
measurements in the vapor of yellow phosphorus at room temperature 
and of red phosphorus at 400°C and found no difterences. 

Two types of tubes were used. The first was a simple low voltage arc 
tube, Fig. 1, having a tungsten filament and a tungsten or molybdenum 
disk or U-shaped anode placed about 7 mm from the filament. The usual 


° De Grammont, Compt. Rend. 146, 1260 (1903) 
* Preuner and Brockmiiller, Zeit. f. Phys. Chem. 81, 129 (1913) 
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procedure of baking out the tube and the electrodes was followed. The 
voltage at which the arc struck and broke was determined for vapor 
pressures resulting from maintaining the oven at temperatures from 
275°C to 400°C. After the optimum pressure was found in this way, 
several runs were made at temperatures giving approximately this 
pressure and the minimum arcing potential was thus determined. The 
reading of the voltmeter giving the difference of potential between the 
filament and the anode was corrected to give the difference of potential 
between the middle of the filament and the anode by subtracting half 
the JR drop along the filament and leads. This correction was checked 
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Fig. 1. Low voltage arc tube in oven. 




















by making several runs with a rotating commutator in the circuit so 
onnected that the voltage was applied only while the filament current 
vas off. The results of these runs were in agreement with the corrected 
values of the voltages obtained without the rotating commutator. 

Fig. 2 shows typical current-voltage curves for runs at temperatures 
‘ving pressures below and above the optimum pressure. The arc current 
| milliamperes is plotted against the potential difference (corrected) 
pplied to the electrodes. The current was almost nil until ionization 

gan; a small but sharp rise inthe current indicated the striking of the 
rc, after which the current rose quite rapidly with increasing voltage. 
ihe discharge was entirely colorless, and a photograph of the spectrum 
owed no lines or bands in the visible region. 
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We next sought to determine whether the ionization was of a molecule 
or of the atom. It is well known that phosphorus molecules will dissociate 
upon contact with a hot filament. Consequently we concluded that we 





7 


Fig. 2. Current-voltage curves from Tube 1. The first part of each curve is drawn 
twice. The curve marked X10 has an ordinate scale ten times greater than the other 
and shows the relative magnitude of the current before and after ionization begins. 
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would have a mixture of atomic and molecular phosphorus in our impact 
region on account of the diffusion of the vapor toward and away from 
the filament. After the striking of the arc, the impact region is very close 
to the filament,> which made it seem probable that atomic ionization 
would predominate over molecular ionization. In order to test this 
conclusion, a quartz window was sealed on to the discharge tube and 
the spectrum of the arc was photographed. We used a Hilger type E2 
quartz spectrograph and set it up with the axis of the collimator in line 
with the axis of the filament, the anode being above the filament. We 
focussed an image of the end of the filament on the slit so as to get the 
spectrum of the arc near the filament and also near the anode. The 
spectrograms showed both lines and bands. The lines are those reported 
by Miss Saltmarsh? for the arc spectrum of phosphorus in the region 
photographed. The intensity was a maximum near the filament for 
both lines and bands, and both exhibited the same variation in intensity 


0 


Fig. 3. Electrodes for Tube 2. (a) End view. (b) Side view. Two 20 mill tungsten 
hlaments were welded on opposite sides of 100 or 125 mill tungsten leads and brought 
nside a molybdenum box. These filaments constituted the cathode and kept the vapor 
inside the box at a high temperature and largely dissociated. 
































throughout the arc. Spectrograms taken at 12 volts and at 48 volts were 
identical except that both lines and bands were more intense in the 48 
volt exposure though the arc current was the same in the two cases. 
Since both lines and bands were present in the spectrum, we could not 
conclude definitely that the minimum arcing potential is the ionizing 
potential of the atom. The fact that the relative intensity of the lines 
ind bands did not change with increasing voltage indicates that the 
itomic phosphorus is due to thermal dissociation rather than to the 
lischarge. 

In order to settle the question as to whether the atom or a molecule 
s ionized at the minimum arcing potential, we used a second type of 
tube. The electrodes of this tube are illustrated in Fig. 3. The anode 
was a box 121610 mm made of sheet molybdenum. Two 20 mill 


0.5 mm) tungsten filaments were welded on opposite sides of 100 or 
5 


125 mill tungsten leads and brought inside the box as shown in the 


* Duffendack, Phys. Rev. 19, 533 (1922) and 20, 665 (1922) 
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diagram. These filaments were thus in parallel and constituted the 
cathode of the tube while at the same time they maintained the region 
inside the box at a high temperature. They radiated at the rate of 100 
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Fig. 4. Current-voltage curves from Tube 2, for three successive runs, showing 
the effect of increasing the temperature of the filaments. 


watts and brought the box to a bright yellow heat. The object was to 
dissociate the phosphorus by thermal action and to determine the 
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minimum arcing potential of the monatomic vapor. In addition, the 
heating of the anode prevented the condensation of phosphorus upon it 
and did away with the possibility of forming polarizing layers on the 
electrodes. 

Runs were made with varying filament currents at the optimum 
pressure of the vapor. Fig. 4 shows three typical current-voltage curves. 
We got no sudden striking of the arc, but the curves show clearly when 
ionization sets in. We always get a negative initial reading of the volt- 
meter connected between the electrodes when the filaments were heated 
though no voltage was applied to the electrodes. This negative reading 
increased when the filament current was raised and showed only a slight 
tendency to diminish with continued heating of the filaments. Such a 
negative reading would result either from the collection by the anode of 
electrons emitted from the filament or from the emission of positive ions 
by the anode. Its thermionic origin is indicated by the increase in its 
magnitude with an increase in the temperature of the electrodes. The 
fact that it did not diminish with long continued heating makes it seem 
probable that the current was an electron current, for the most probable 
~ource of a positive ion emission would be alkaline impurities on the 
anode and these would be driven off by heating. The value of this 
negative reading for zero current was determined by extrapolating the 
current-voltage curves as shown in Fig. 4 except that a large scale of 
ordinates was used. Fhe voltage thus obtained was assumed to be 
that which would have to be applied to stop the electrons. When the 

oltage at which ionization sets in is corrected by subtracting this initial 
potential difference, the results from this type of tube are in good agree- 
ment with the minimum arcing potential determined by means of the 
tirst tube. In view of the high percentage of atomic phosphorus in the 
impact region of this tube, we concluded that 10.3 volts is the ionizing 
potential of the phosphorus atom. We got no indication of ionization 
by cumulative action, and so could not get a measure of the minimum 
radiating potential. 


3. DISCUSSION OF THE RESULTS 


he minimum arcing potential 10.3 volts is at variance with the 
nizing potential reported by Mohler and Foote.! This may be because 
ne is the ionizing potential of the atom while the other is for the mole- 
ule. Mohler and Foote suggest that their potential is for the molecule, 


nd, as was shown above, such an interpretation is reasonable. It might 
© well to point out, however, that their published curves show ionization 
o set in at about 10.6 volts. The value 13.3 volts was obtained by making 
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an initial velocity correction of 2.7 volts. This is rather high for an initial 
velocity correction and the authors attributed it to a contact difference 
of potential resulting from the condensation of phosphorus on the 
electrodes rather than to an initial velocity distribution. The agreement 
of the actually observed ionizing voltages may be entirely accidental. 
Certainly the percentage of atomic phosphorus in the impact region was 
higher in both types of tubes used in the present investigation than in 
the impact region of the four electrode tube used by the previous ob- 
servers, and so the difference in the results can be attributed to the 
ionization of different molecules. 

An ionizing potential of 10.3 volts for the phosphorus atom requires 
that the principal series of the arc spectrum shall converge at about 
41200 A. Miss Saltmarsh? photographed the spectrum of phosphorus 
excited in a vacuum tube to 1671.5 A and failed to find any phosphorus 
lines beyond this although she got lines of the secondary spectrum of 
hydrogen on her plates to 1330 A. Since the phosphorus lines have not 
been classified into series, one cannot say where the phosphorus spectrum 
should end. Of course, one would not expect to photograph a series to 
its convergence. If the “‘rayes ultimes” at 42550 are the first members 
of the principal series, the convergence at 1200 A would not make the 
spectrum unreasonable in extent. 

This work was done at the Research Laboratory of the General 
Electric Company during the summer of 1924. The writers desire to 
express their appreciation of the interest and encouragement of Dr. Saul 
Dushman in whose department the investigation was conducted. 

UNIVERSITY OF MICHIGAN (O. S. D.), 


RESEARCH LABORATORY, GENERAL ELECTRIC Company (H. H.), 
November 6, 1924. 
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A BAND OF UNUSUAL STRUCTURE PROBABLY DUE 
TO A HIGHLY UNSTABLE CALCIUM HYDRIDE 
MOLECULE 


By Ropert S. MULLIKEN! 


ABSTRACT 


In the spectrum of the calcium arc in hydrogen at low pressure (best 
3-20 mm) an isolated band occurs in association with the lines of neutral 
calcium. The wide spacing of the lines and the absence of appreciable isotope 
effect practically assure its hydride origin. The simple structure indicates a 
diatomic molecule. Reproductions and measurements of the lines are given. 
The band appears to consist of a P and an R branch with a single missing line 
in the middle. The two branches do not form a single series. From the ab 
normally weak central lines, the intensity of each branch rises to a maximum, 
then begins to fall slowly, until the lines are cut off sharply at the tenth line 
in the R and the eleventh in the P branch. These two lines both show a pertur- 
bation of —0.60 wave-number units. Assuming that these last perturbed lines 
have a common initial state, the band is analyzed in accordance with Kratzer’s 
theory, applicable to molecules which have net electronic angular momentum in 
the plane of molecular rotation. For the initial state, the energy may be ex 
pressed by: E’/he = C+-28,353.38+0.039 (j’—34)+4.798 (j’ —34)?—0.000900 

j'—%4)*; for the final state, by: E”’/hc=C—0.043 (j"” —%)+4.232 
j’ — %)?—0.000192 (7 — 14), where j is the rotational quantum number. 
The last line in each branch corresponds to j’=11. This limitation of the j’ 
values, and the limitation to the value 0 of the vibrational quantum numbers 
n’ and n’’, indicated by the isolated character of the band, are explained as 
due to extreme molecular instability, such that the force holding the Ca and 
H atoms together begins to fall off very rapidly with distance if the atoms 
depart somewhat from their (rotationless) equilibrium position. Such a rapid 
falling off is possible only for a non-polar molecule. The emitting molecule is 
probably, then, a compound of hydrogen with an excited (not ionized) calcium 
atom, which may be of an unstable H.-like type analogous to the emitters of the 
Zn, Cd, Hg, Cu, Mg and other hydride bands. 


HE band discussed in this paper was called to the writer’s attention 
by Professor F. A. Saunders, who had noticed that it occasionally 
appeared in the Ca arc at low pressure. The band, which is shaded 
toward high frequencies and whose head lies at A3533.6 A, is character- 
ized by an unusual structure which indicated that its interpretation in the 
light of the quantum theory of band spectra might be of interest. Pro- 


fessor Saunders very kindly placed his plates at the writer's disposal for 


this purpose. 


' National Research Fellow. 
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MEASUREMENTS 


The measurements given below were made chiefly on a grating plate 
which was very kindly lent by Professor Henry Crew of Northwestern 
University. This plate, which has a dispersion of 2.9 A;mm, shows the 
band extremely well, except for the central weak lines. Fig. 1 is an 
enlarged reproduction from the plate, which is one of those taken by 
Crew and McCauley? in their work on the wave-lengths of the Ca lines 
in the vacuum are. 

Apparently the only reference in the literature to the band under 
discussion is the following from Crew and McCauley’s paper, p. 38: “In 
addition to bands already studied by Olmsted*® and Eagle,’ the are spec- 


trum of calcium at reduced pressure shows several bands which make 
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Fig. 1 Phe band lines are all marked, beginning at the left with R (10), with full 


lines. The argon lines \ 3509.79 and 3511.11 are marked by dotted lines. The pertur- 
bation of the last linc on the right, P (12), is distinctly visible; that of R (10) is less 
noticeable, although equally large. 


their appearance only during the first half hour of exposure with fresh 
calcium electrodes. These lie in the region \6700-7000 and at 43500, and 
present a structure of fairly sharp lines with no continuous background. 
The origin of these bands we have left undetermined.” 

In order to determine which of the very weak central lines of Fig. 1 
belonged to the band, and whether other weak band-lines might be pre- 
sent, a large number of photographs were taken by the writer with a Hil- 
ger quartz spectrograph (type C). A much enlarged reproduction of one 
of these is given in Fig. 2. The exposure was about 2 min., with the Ca 
arc running in an exhausted globe to which well-dried hydrogen at about 
15 mm pressure had just been admitted. In general, best results were 


* H. Crew and G. V. McCauley, Astrophys. J. 39, 29 (1914) 
°C, Olmsted, Astrophys. J. 29, 66 (1908)—Ca hydride bands. 
4 A. Eagle, Astrophys. J. 30, 231 (1909)—Ca, Sr, and Ba hydride bands. 
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obtained with a hydrogen pressure of 3-20 mm. The band was always 
present under these conditions, but became weaker or disappeared when 
the hydrogen was pumped out. The band was found to be absent from 
the spectrum of the Mg arc in hydrogen. It appears to be entirely iso- 


lated; a search for other related bands in neighboring regions of the 
spectrum proved fruitless. 

Table I gives the results of measurements on the band lines.’ In 
addition to the lines recorded in the table, there are numerous very weak 
lines throughout the region occupied by the band, but probably un- 
related to it. There is also a very weak line (int. 00) which always 


appears at A3526.02 (y= 28,352.5); this is exceedingly weak on some of 


Fig. 2. The first line at the left is argon \ 3509.79, then come KR (10), R (9), ete., 


to the faint line R (1). After a gap at the missing line P (1), the lines P (2), P (3), and 
I’ (4) can be distinguished. 
the photographs, such as that from which Fig. 1 was made. This line 
might be denoted R(0), since its position agrees with that to be expected 
tor an R branch line immediately preceding R(1); nevertheless it seems 
unlikely that it belongs to the band. There are also the lines \3511.115 
(int. 0, grating, Fig. 1; 00, prism) and 3509.79 (int. 0, grating, Fig. 1; 
1, prism, Fig. 2), and other weaker lines at \3508.17 (int. 000, prism), etc. 
The former two lines are apparently the lines \3511.11 and 3509.79 of 
the argon “blue” spectrum. That these lines do not belong to the band 
* These were made with reference to the strong Ca lines for which the best values 


of Crew and McCauley are \3474.611 and \3474.774, and with the help of additional 
(Fe) comparison lines. 
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is shown by their varying intensity with respect to the band lines on 
different photographs, although \3509.79 showed a remarkable constancy 
of relative intensity throughout the prism photographs, suggesting the 
possibility that the band might be due to a compound of a hydrogen and 
an excited argon atom. The spectrum of the discharge, either condensed 
or uncondensed, through various mixtures of argon and hydrogen at 
low pressure, failed, however, to show the band. 








TABLE I 
Rotational | 
Line transition* Int. Wave-length (I.A.) Wave-number Obs.-calc.t 
R(10) 10i— 9} 7 3511.779 28 467. 48 —0.60 
R(9) 9i—> 8} 8 13.523 "453.36 — .02 
R(8) Si» 7h 8 15.291 439.04 - 2 
R(7) 7i— 6} 9 17.003 425.20 — .05 
R(6) 6 518 18 621 412.13 + .02 
R(5) Si 4h 7 20.145 399.83 + .08 
R(4) 4i— > 3} 6 21.575 388 .29 + .Ol 
R(3) 3h 23 4 22.886 i oe BS — .04 
R(2) 2i— 1} 1+ 24.056 368.31 + .02 
R(1) li } 0 25.099 359.91 + .02 
P(2) 1M» 1} 0 3527.06 344.1 —0.1 
P(3) 1i— 2} 0+ 28.255 334.54 — .06 
P(4) 2i—> 34 2 29 304 326.12 + 03 
P(5) 3i— 4} 4 30.231 318.69 + 01 
P(6) 4i— > 5} 6 31.023 312.34 00 
P(7) 5i— 6} 7 31.683 307 .05 + .04 
P(S) o> 7h 9 32.234 302.63 + .02 
P(9) 7i— 8} 9 32.686 299.01 — .04 
P(10) 8i— 9} 8 33.043 296.16 — .06 
P(11) 9'—>10} 8— 33.309 294.03 + .03 
P( (12) ‘10/115 7 33.608 291.63 —0.61 





, Piabetle dhenes a wucdoat setatlenel quantum number m, where m=j—e. The 
corresponding j changes (j =total rotational quantum number) involve in each case the 
next higher integer. 

+ Calculated values obtained with help of Eqs. (8) and (9), below. 


STRUCTURE OF BAND 
In structure and intensity distribution the band considerably resembles 
ordinary bands having a single positive (R) and a single negative (P) 
branch, and a single missing line in the middle (Fig. 2). The resemblance 


is perhaps closest to the CuH bands.®:? But there are marked differences 

6 R. Frerichs, Zeit. f. Phys. 20, 185 (1923); E. Bengttson, Zeit. f. Phys. 20, 229 (1923). 
Frerichs favors hydride origin on account of large spacing of lines (cf. Kratzer, ref. 9, 
p. 102), but is not sure. He shows that the Zn bands are best developed in presence 
of hydrogen. 

7 R. S. Mulliken, Nature, April 6, 1922. The hydride origin of the CuH bands is 
proved from Frerichs’ data, which show the expected rotational isotope effect. (Cf. also 
R. Mecke and R. Frerichs, Naturwiss., Sept. 26, 1924.) Absence of appreciable isotope 
effects in Zn, Cd and Hg bands shows them also of hybride origin. The same argument 
applies to the Ag and Au bands. 





BAND OF UNUSUAL STRUCTURE 513 


from the simple CuH type. (1) The lines of the two branches do not form 
a single series; nor are they displaced by 1/2 unit as in many of the He, 
bands.® The first difference Ay between adjacent lines does nct approach 
equality from opposite directions for the two branches at the region of 
the missing line. Equality is already reached for the intervals P(3)-P(4) 
and R(2)-R(1); and the relative spacing of the two branches is reversed 
in the intermediate central region. (2) The central lines, especially from 
R(1) to P(3), are relatively much weaker than usual. (3) The second 
differences A(Av), after getting gradually smaller, suddenly decrease 
greatly and change to a negative value at the last line in each branch; the 
lines R(10) and P(i2) both show a marked perturbation, the frequency 
being lower than expected by the same amount (0.60 units) for both 
(Fig. 1). (4) Both branches are cut off abruptly at the perturbed lines 
R(10) and P(12), both of which are intense lines, lying in each case, in 
fact, just beyond the line of maximum intensity. This sudden cessation 
after an intense line appears to be without a parallel. There seems, 
however, to be an approach to a similar condition in some of the He, 
bands*:* which, after a flat maximum of intensity, fade off very rapidly, 
and disappear near where Ay reaches a maximum value. According to 
Birge, a similar sudden fading off apparently occurs in the CN bands 
beyond where Avy reaches a maximum, but this is for lines of very high 
ordinal number; some of the phosphorus bands also attain a maximum 
Av before fading out.*—The He: bands, it may be noted, show a few large 
perturbations, but not, as here, at the last line of a series. 

Before attempting to interpret the peculiarities just described the band 
will be analyzed and quantum numbers assigned. Since non-integral 
rotational quantum numbers seem to be involved, a brief discussion of 
these is called for. 


THEORY OF NON-INTEGRAL ROTATIONAL QUANTUM NUMBERS 


Kratzer has shown'® that the energy £” associated with the rotational 
quantum number m in band spectra may in many cases be expressed in 
the form 


E™/hc=|Bm?—Bm‘+- - - |+[26m+- - - |. (1) 
Here 8B< <B, and 6<B, where B has the usual meaning ; m = 7 —e, where 


j is a quantum number, assumed always integral, corresponding to the 


’ W. E. Curtis, Proc. Roy. Soc. 101A, 38 (1922); Ibid, 103A, 315 (1923). 

* R. T. Birge, Astrophys. J. 46, 92 (1917). 

‘® A. Kratzer, Ann. der Phys. 71, 72 (1923). Theory of electronic origin of fractional 
quantum numbers; application to CN, Zn, Cd, Hg bands; discussion of probable hydride 
origin of last three. The notation here used differs from that of Kratzer. 
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total angular momentum, while € corresponds to the resultant electronic 
angular momentum in the direction of rotation, and m to the angular 
momentum of the suclei. Theoretically, according to Kratzer, € may have 
any value; in practice, such values as 0, +1/4, and +1/2 usually appear, 
so that m likewise is fractional.'°"-".'5 Kratzer finds that 6 has the same 
sign as € in the bands he has studied.'":" 

Eq. (1) can be written in the form: 


EE" hc=a+B(m+p)?—Bmi+- °° ° (2) 


Like 6, p should be small: p=6,/ B; a=&/B. By study of combination 
relations involving higher power terms, etc., p can apparently be de- 
termined independently of € in some cases.'® Contrary to expectation, 
large p's, of the same order of magnitude as the €’s, seem to occur in a few 
cases when this method is used.'* This Kratzer tentatively ascribed in 
one case" to the presence of an appreciable cubic term in the second mem- 
ber of Eq. (1). However this may be, the usual close approach of p to 
zero, when exact fractional values (in particular 1/2) are assigned to e, 
strongly supports such an assignment. 

It is important to note that in Kratzer’s theory, R, P and Q branches 
correspond to transitions Aj= +1,0, but not necessarily to Am= +1,0, 
since € may change at the same time as j.. The structure and appearance 
of a band depend, however, on the values of Am, not of Aj. 

For a molecule having electronic angular momentum oh/2x around the 
line joining the nuclei, Eq. (1) should be replaced'® by 


E"/hce= Biy p2—o?—6)?+ Soe (3) 
ANALYSIS OF BAND STRUCTURE 


In the case of the present band, its isolated position and the absence of 
more than two branches make useless any attempt to determine separ- 
ately p and € of Eq. (2). If it were not for the perturbations (cf. Table I) 


‘t HCl bands: E. F. Barker, Astrophys. J. 58, 201 (1923); W. F. Colby, Astrophys. 
J. 58, 303 (1923); E. C. Kemble, Phys. Rev. 25, 19 (1925); CO bands, E. Hulthén, 
Ann. der Phys. 16, 353 (1923). 

12 He, bands, A. Kratzer, Zeit. f. Phys. 16, 353 (1923). 

13 In the HCI bands (ref. 12), the HCu bands (ref. 6), and the CO bands (ref. 12), 
it appears that ¢ is restricted to the value+ 14, and 6 =0, or very nearly so. 

4 Thus in one of the He, bands (ref. 13), for the initial state of the molecule, «’ = 0.843, 
« —p’ =0.2513; for the final state, «’ = —0.3775, e’ —p’’ = —0.2478. Also in Kratzer’s 
analysis of the ZnH, CdH, and HgH bands, some similar discrepancies appear: HgH, 
€ =, &—p'=0.13, 0.11; «’=14, &’—p"’,=0.17; CdH, «’=0, &—p’=0.02, 0.00; 
<' =, &’—p’’ =0.47; ZnH, ¢& =14, «'—p’ =0.01, 0.00; e’ =, &’—p” =0.49. 

‘* A. Kratzer, Naturwiss. 27, 581 (1923); H. A. Kramers and W. Pauli, Jr., Zeit. f. 
Phys. 13, 351 (1923). 
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of R(10) and P(12)—and the perturbations, consisting in complete 


absence, of all following lines—it would be impossible to make more than 
a guess as to which (if any) lines of the P and R branches have terms in 
common. The numerical equality of the perturbations of R(10) and 
P(12) shows, however, that these must have either a common initial or a 
common final state. 

Since the initial electronic state of the molecule is presumably more 
unstable than the final state, the common perturbation of lines R(10) 
and P(12) may be assumed to indicate a common initial state for these 
lines.” This assumption is justified (1) by the following consideration of 
the intensity distribution in the band,'’ and (2) by the fact that the alter- 
native assumption would give a positive coefficient for the fourth power 
term of Eq. (9) below; this would be contrary to theory and all previous 
experience. 

In band spectra consisting of a positive (R) and a negative (P) branch, 
the usual rule is that lines at an equal distance from the null-line are 
nearly equal in intensity, but that the P branch lines are somewhat the 
stronger. For cases where €= 1/2, this means that the transitions (j -1—) 
j and 7—(j—1) are nearly equal in intensity, but that this equality is 
modified by a tendency for (j—1)—j and (j+1)—j to be equal. This 
rule holds in the infra-red absorption bands'* of HF, HCI, and HBr and 
in the HCu and the violet CN emissicn bands.* 

In all these cases as Well as in the Zn, Cd, and Hg, etc., bands, the first 
line of the P branch corresponds, according to Kratzer’s theory, to the 
} transition 1--2, and the first line of the R branch to 2-1, transitions 
involving the state 7 =0 being always absent. In the present band P(2) 
and R(1) should then correspond to the transitions 1-2 and 2-1, 
respectively.'? This assignment of j values is the only one—unless j =0 
be admitted or j= 0,1 be both excluded—-which is consistent with a com- 
mon initial state for R(1@) and P(12). With the numbering adopted, 
the lines (j—1)—j and j-+(j—1) are, as in other bands with a P and an R 

'® An additional assumption is also involved here, viz., that the lines of the P and R 
branches involve an identical set of final states. That this is not always true for different 
branches of a band is shown in Kratzer’s work (refs. 11, 13). However, where P and R 
branches are alone involved, such an assumption has so far proved justified, and it 
gives a reasonable interpretation in the present case. 

‘7 The doubtful line R(O) is here excluded. If R(O) were taken as 2-1, neither a 
common initial nor a common final state of R(10) and P(12) would be possible. If 
P(2) were 1-2, and a common final state for R(10) and P(12) were assumed, R(1) 
would correspond to 4-*3; 3-*2 would be represented only by the abnormally weak 
R(O), and 21 would be absent. Admitting 7 =0 would not remove the objections to 


the assumption of a common final state or to the inclusion of R(0). 
‘Sf. E. C. Kemble, ref. 12, for discussion of intensities in HCl. 
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branch only, nearly equal in intensity; but, contrary to the usual situa- 
tion, the R branch lines, instead of the P branch lines, are now decidedly 
the stronger, i.e., there is a strong tendency for j7—>(j+1) and j-(j—1) 
to be equal in intensity (cf. Table 1). 

It is now possible to proceed to the determination of the spectral terms 
for the initial and final statés of the molecule. Let the terms correspond- 
ing to the energy of the molecule in its initial and final states, respectively, 
be denoted by F’(m) and F’’(m), where 

F’(m) =C+u°+ E'(m) ‘he 5 F'(m) =C+ E''(m)/ he (4) 
Here © is an undeterminable additive constant, and yr is a spectral 
term corresponding to the difference in electronic plus vibrational 
energy for the two states of the molecule. It is possible to obtain a set of 
values of AF(m)= F(m+2)—F(m) by taking the differences of the 
wave-numbers of lines having a common final term. Thus, AF’(m) = 
v[F’(m+2)— F’'(m4+1)|—»[F'(m) — F’'(m+1)] = R(m+ 1) — P(m + 1). 
Similarly, AF’’ (m)=v|F’(m+1) — F’'(m)]—v| F’'(m4+1) — F’’(m+2)]= 
R(m)—P(m+2). Corresponding relations obviously hold for AF’(;) 
and AF’’(j). In Table Il are recorded the values of AF’(j) and AF’’(j), 
together with their first differences. 

In Table II the values in parentheses may be expected to be unreliable 
on account of the weakness of the lines involved, while the values in 


TABLE IT 

Lines used AF'(}) First diff. Lines used AF’’(j) First diff. 

1 R(2) —P(2 24.2 R(1) —P(3) (25.37) 
19.0) (16.82) 

2 R(3) —P(3) 43.19 R(2) —P(4) 42.19 
18.98 16.85 

3 Ri4) —Pi(4) 62.17 R(3) —P(5) 59.04 
18.97 16.91 

4° R(S) —P(5) 1.14 R(4) —P(6) 75.95 
18.65 16.83 

5 R(6) —P(6) 99 79 R(5) —P(7) 92.78 
18.36 16.72 

6 R(7) —P(7) 118.15 R(6) —P(8) 109.50 
18.26 16.69 

7 R(8) —P(8) 136.41 R(7) —P(9) 126.19 
17.94 16.69 

§ R(9) —P(9) 154.35 R(8) —P(10) 142.88 
16.97] 16.45 

9 R(10)— P10) 171.32] R(9) —P(11) 159.33 


16.52 
R(10) — P(12) 175.85 


brackets are affected by the perturbation of the initial state j7’=11. The 
remaining values were used to obtain the empirical equations 
AF’ (j)=4.312+19. 650j’—0. 112j” (5) 
AF’'(j)=8.1764+17.0677"’—0.0307'”. (6) 
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Cubic terms in j should also be involved (cf. Eq. 7) but the data are not 
sufficiently accurate for their independent determination. 
The theoretical expression for AF(m) deducible from Eq. (1) is 


AF(m) = [4B+46—168]+ [4B — 328 ]m— 248m? —86m!. (7) 


If 5 is small, as would be expected, the constant term and the coefficient 
of m should be nearly equal. This near-equality can be obtained in 
Eq. (5) by putting m’ =7’ —3/4, i.e., e= +3/4, and in Eq. (6) by putting 
m'' =j''—1/2, i.e., €=+1/2. The theoretical AF’(m) and AF’'(m) ex- 
pressions of the form of Eq. (7), after making the indicated substitution 
for m and expanding, may now be used in a re-analysis of the data of 
Table II, so as to obtain the coefficients B, 6, and 8 of Eqs. (1) and (7). 
Knowing these, the expressions for E’(m) and E’’(m) of Eqs. (1) and (4) 
can be written down. Now R(m)=F’(m+1)—F’'(m)=v*+(1/he) 
|E'(m+1)—E’’(m)|, by Eq. (4); and P(m) = F’(m—1)—F’'(m) =v+ 
(1/hce) |[E’(m—1)—E’’(m)]|. From these relations and the data of Table 
1, © can be determined. The final results are 


F’(m) =C +28, 353.385+0.0392(j—3/4) +4. 7985(j—3/4)? 
—0.000900(;—3/4)* (8) 


F"'(m) =C —0.0434(j — 1/2) +4. 2315(j —1/2)?—0.000192(j—1/2)* (9) 


The ‘‘Obs.—calc.” values of Table I show that these equations hold 
within experimental error—which is greatest for the central weak lines— 
except for the perturbation of —0.60 units which is common to the 
lines R(10) and P(12)."® 

The smallness of the values of 6 in Eqs. (8) and (9), in spite of the 
large m‘ coefficients and other indications of great instability, is notable.- 
For any choice of € values differing much from that used, both 6’s would 
be large. The 6’s correspond to p’ =0.008 and p’’ = —0.010 (see Eq. (2) 
for meaning of p); this seems to justify the assumption of the ¢ values 


* If one assumed in Eq. (1) an m* term instead of an m* term, the data could be 
represented about as well as before (i.e., with about the same average difference ‘‘Obs.- 
calc."’ in Table I) by the equations: 

F’(m) = C+28,353.496—0.285 (j— 34) +4.9265 (j— 34)? —0.01867 (j— 34)" (8’ 

F’'(m) =C—0.178 (j— 14) +4.2743 (j—14)?—0.0050 (j— 14)? (9) 
rhe coefficients of m, m?, and m* here may be obtained by the use of Eqs. (5) and (6), 
after making appropriate m transformations, etc. Eqs. (8’) and (9°) lack the theoretical 
foundation of Eqs. (8) and (9); it is interesting to note that the 6’s are now much larger 
than before, and furthermore are negative, contrary to Kratzer's findings for « positive. 
rhis last is of course also true for 6’’ of Eq. (9), which, however, is much smaller than 
here. Eqs. (8’) and (9’) give a perturbation of —0.81 units for lines R(10) and P(12). 
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3/4 and 1/2, and to indicate that these fractional values have a real 
meaning.”! 

The presence of ao as in Eq. (3) is not indicated by the data, but the 
central lines, where its effect would be greatest, are too weak for cer- 
tainty. The absence of a Q branch, however, tends to indicate that ¢ =0. 

Intensity distribution. A study of a number of the arc photographs 
(cf. Fig. 2) indicates that the strongest lines are R(8) and P(9), for both 
of which m’=8} for the initial state of the molecule. According to the 
equation 7 = (1.431)(2B)m?,,..,, this would correspond,” for an equi- 
librium thermal distribution of the m’ values, to a temperature of 680°C. 
This would seem too low for the Ca arc, unless the band is emitted at the 
outer mantle of the flame. However, the m’ distribution may, as pre- 
sumably in many cases of electronic excitation, be very far from that 
corresponding to thermal equilibrium. In the present case it would seem 
that the lowest values of m’ are strongly disfavored in the formation of 
CaH molecules, while m’ values above 10} are absolutely disfavored, 
probably because such molecules are incapable of existence. 


NATURE OF EMITTER AND RELATION TO OTHER EMITTERS 


With the information now available, it becomes very probable that the 
emitter of the band belongs to a class of unstable diatomic hydrides of 
which the emitters of the ZnH, CdH, and HgH bands are examples. 
These are characterized"! by a variety of values of «€(0, + 14, + %), 
large values of B (between 5 and 7.5), and large values of 8. The CuH 
bands (B = about 6, €= 14), as well as the analogous AgH and AuH bands, 
also appear to belong in this class.*:7*% The Mg hydride bands (B= 
about 5)***> the red Ca hydride bands,’* and the Ba and Sr hydride 
bands,‘ and others (Al, etc. )** probably also belong here,” although possi- 
bly some of these are due to triatomic hydrides MHp. 


*! According to Kratzer’s interpretation of 6, one might expect it to be large for 
an extremely unstable molecule like that here involved, if ever. Its actual small value 
here (in agreement with the small walues for HCl, HCu, CO (ref. 14) CN, CdH (ref. 15), 
etc.) thus tends to cast suspicion on the very large 6’s found by Kratzer for the HgH 
bands (both states of the molecule) and the ZnH bands (initial state). Of course in the 
present case the 6’s could be made large by a different choice of the «’s. 

2 E.C. Kemble, Phys. Rev. 8, 689 (1916); T. Heurlinger, Dissertation Lund (1918), 
p. 65-6; R. T. Birge, Astrophys. J. 55, 273 (1922). 

28 CuH, also Ag, Al, Mg, Zn, Na hydride bands, O. H. Basquin, Astrophys. J. 14, 
1 (1901); AuH bands, E. Bengttson, Arkiv. f. Mat. Astron. och. Fysik 18, No. 27, 1 
(1924); AgH bands, E. Bengttson and E. Svensson, Compt. Rend. 180, 274 (1925). 

* A. Fowler, Phil. Trans. Roy. Soc. 209A, 447 (1909); etc. 

* T. Heurlinger, Diss. Lund, 1918. 

* The ultraviolet ‘‘water vapor” bands, which resemble the Mg hydride bands,” 
may analogously be due to OH; see W. W. Watson, Astrophys. J. 60, 145 (1924); H. 
Witt, Zeit. f. Phys. 28, 249 (1924). 
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The unstable character of the binding in these hydrides is indicated 
(cf. Kratzer, ref. 11, p. 102) by the relatively low values of B, as compared 
with the values for the infra-red bands of the more stable molecules HF, 
HCl, HBr (B = 20,10.5, 8.4, respectively). The CaH band has the small- 
est values of B and in its initial state the largest value of 8 (among known 
bands only the He, bands show larger values of 8) of any of the bands 
of its class that have been analyzed. This indicates an unusually high 
degree of instability, which is supported by the other peculiarities of the 
band. The following values of the internuclear distance, calculated from 
the values of B’’ for the less excited states of the respective molecules, 
are of interest in this connection: CIH, r9>= 1.27 X 10-8; ZnH , 1.60 x 107°; 
CaH, 2.00X10-* cm. The difference between ZnH and CaH may, how- 
ever, be due, in part at least, to the probably larger size of the Ca atom. 

The hydride origin of the class of bands under discussion is attested by 
several facts. First, there is the high value of B, higher than for such 
compounds as N2, CN, and CO (B —2), which can hardly be accounted for 
in a compound of a heavy atom like Ca, Cu, Zn, Cd, Hg, etc., except by a 
hydride.'® Second, the absence of an appreciable isotope effect in the 
band spectra of most of these compounds can be explained only by hy- 


dride origin.” According to Dempster,” it is probable that Ca has in addi- 


tion to the chief isotope of atomic weight 40, a small amount of 44. If 
so, CaH is the only Ca compound for which the rotational isotope effect 
could escape detection 6n the grating plate used. The rotational isotopic 
displacement?’ would be —0.22 per cent for (Ca“H, Ca*°H), but — 2.6 per 
cent for (Ca“O, Ca*O). For the line R(10) the displacement, which 
would be a maximum for either compound, would be 0.03 A toward the 
red for CaH— probably too small to be detected—but 0.38 A for CaO. 
It would be progressively less for other lines nearer the band origin.?7 
sr no displaced lines were observed, only CaH seems to be possible if 
Ca“ exists in appreciable amounts. 

The frequent occurrence of the present band nil others of its class in 
the vacuum arc and in vacuum discharge tubes may probably be as- 
cribed to the presence of traces of moisture.** In every case where the 


* A. J. Dempster, Phys. Rev. 19, 431 (1922). 

*7 R.S. Mulliken, Phys. Rev. 25, 119, Feb. 1925. There might also be a vibrational 
isotope effect, but this would probably be very small (see below, also ref. 31). 

*8 Red Ca hydride bands, refs. 2 (see quotation in text), 3, 4; also A. S. King, Astro- 
phys. J. 29, 190 (1909); 43, 341 (1916); also J. Barnes, Astrophys. J. 30, 14 (1909); 
31, 175 (1910). Mg hydride bands, ref. 21; also A. Fowler and H. Payn, Roy. Soc. Proc. 
72A, 253 (1903); E. E. Brooks. Roy. Soc. Proc. 80A, 218 (1908); Astrophys. J. 29, 177 
(1909); A. S. King, Astrophys. J. 43, 341 (1916). Ba and Sr hydrides, ref. 4. CuH, 
ZnH, etc., refs. 6, 23. 
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experiment has been tried, the addition of hydrogen as such has favored 
the production of such bands.**?* Of particular interest is Compton and 
Turner’s recent work*’ on the HgH bands, in which they find the bands 
only in regions of the discharge where excited Hg atoms are being pro- 
duced, and with intensity proportional to the hydrogen pressure. It may 
be that the emitters of this entire class of bands are compounds of an 
excited metal atom with a hydrogen atom. An excited atom of Zn, Cd, 
Hg, or of Mg, Ca, Sr, or Ba, with one of its valence electrons removed to 
.an outer orbit, should resemble a hydrogen atom and tend to form with 
another excited atom of its own kind or with a H or H-like atom, a 
molecule analogous to He. <A probably similar compound of excited 
hydrogen-like atoms*®*’ is the He: molecule.*t The absorption band 
spectra of the alkali metals indicate that these, being already hydrogen- 
like, can form diatomic molecules with little or noexcitation. In the case 
of the present CaH band it was noted that the band was most intense 
where the lines of neutral Ca were strong, but that it was not correlated 
with the Ca* lines. This indicates that it may be due to a compound of 
an excited, but not of an ionized, Ca atom. 


INTERPRETATION OF LIMITATION OF ROTATIONAL AND 
VIBRATIONAL QUANTUM NUMBERS 


Besides the large value of ro, the isolated character of the band and the 
sudden cessation of the series of m’ values at 10} indicate extreme molec- 
ular instability. They also indicate (see below) a non-polar molecule, 
in agreement with the suggestions made above. 

The absence of related bands is best explained by ascribing the band 
to a vibrational transition (0 0), with the supposition that the molecule 
is too unstable, even in its final state, to exist, in appreciable amounts at 
any rate, with any vibrational energy.** Kratzer has recently pointed 
out®? that the vibrational quantum number » can have no theoretical 


29K. T. Compton and L. A. Turner, Phil. Mag. 48, 360 (1924); Compton, Turner, 
and W. H. McCurdy, Phys. Rev. 24, 608 (1924). E. Hulthén (Compt. Rend. 179, 528, 
1924) also finds hydrogen to have a favorable effect. 

30 W. Lenz, Verh. d. Deutsch. Phys. Ges. 21, 632 (1919) first suggested the resem- 
blance of excited He to H atoms. 

31 In connection with He:, Hg:, etc. see also J. Franck and W. Grotrian, Zeit. f. Phys. 
4, 89 (1921); in regard to Hg:, see also ref. 30. 

% See ref. 28 in regard to the possibility that the lowest values of the vibrational 
quantum numbers may not be zero, but e.g. sometimes 14. 

33 A. Kratzer, Zeit. f. Phys. 26, 40 (1924); P. Tartakowsky had previously concluded 
(Zeit. f. Phys. 24, 98, 1924), but on an erroneous basis according to Kratzer, that a 
maximum value of m is to be expected in general. 
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maximum value for molecules for which the law of force F=2a/r" 
contains terms with <3. The vibrational energy, however, should have 
a maximum value equal to an energy of dissociation. In practice there 
is evidence that » may sometimes have a limiting maximum value; e.g., 
n'moz is equal to 0 in the fourth positive nitrogen bands, 4 in the second 
positive bands,* and 0 in CaH. In other cases—in particular that of the 
visible absorption spectrum of I;,—mn’ may reach very large values, 
corresponding to more and more closely spaced bands which, in the 
case cited, become lost in a region of apparently continuous absorption 
which probably means that actual dissociation of the molecule is reached 
or at least closely approached.** For polar molecules, i.e. molecules which 
would dissociate into oppositely charged ions, the law of force should 
approach F=a/r' at large distance, so that for these an unlimited number 
of n values should be possible. For non-polar molecules it would seem 
that a maximum value of n is to be expected. In the case of the CaH 
molecule now under consideration, a non-polar binding is therefore 
indicated by the limitation of nm’ and n’’; this may well be of a H:;-like 
type, as above suggested. 

The non-occurrence of m’ values above 10} is most reasonably inter- 
preted in an analogous way. It can be shown that m can have an un- 
limited number of values only if the law of force between the nuclei 


approaches F =a/r", n <3, for large distances. In other cases—including 
non-polar molecules (in the sense used above) only—m should have a 
maximum value, corresponding to a maximum angular momentum. For 
most molecules, mao: is apparently very large and so is usually not 
reached, on account of the insufficiently high temperature of the source 
of light. Its remarkably small value in the present case indicates an 
extremely unstable molecule.** Physically a qualitatively correct idea - 


* E. Hulthén and G. Johansson, Zeit. f. Phys. 27, 308 (1924). 

% The series of heads (cf. R. Mecke, Ann. der Phys. 71, 104, 1923) converge toward 
about 44900 (equivalent to 2.52 v). This is suggestively close to Foote and Mohler’s 
resonance potential at 2.34 v. It is greater than the chemical heat of dissociation, 
equivalent to 1.37 v. The visible absorption spectra of Br; and Cl; are probably com- 
pletely analogous to that of I;. The absorption bands farther in the ultraviolet forl, 
and Br; probably involve an entirely different electron jump. 

* It is of course possible that there are a large number of m’ values beyond 10}, all 
represented by extremely weak lines because of the presumably very small energy 
interval between the energy of m’=10} and that of dissociation. If such lines were 
present there would be a reversal of direction of the R branch with formation of a head, 
or “‘tail’’ (ref. 10), while in the P branch, the incipient head would be left uncompleted 
and the series continued with no reversal of direction. Another possible explanation of 
the absence of m’ values greater than 10}, might be instability of some electronic orbit 
beyond this critical point; or possibly the explanation lies in some peculiarity of the 
mechanism of formation. 
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is conveyed by stating that an attempt to increase m’ by 1 unit above 
10} would result in dissociation of the molecule by centrifugal action. 
The extremely high value of the coefficient of m* in Eq. (8) means*? 
that the binding is very weak and that the molecule expands con- 
siderably with increasing m’; while the perturbation at m’= 10} may well 
correspond to the sudden beginning of a rapid falling off in the force 
between the nuclei. This is completely in harmony, it will be noted, with 
the condition n’,,,:=0. Somewhat similar explanations may apply to 
the sudden fading of the Hes and CN bands (see earlier discussion under 
“Structure of Band’’) although in these the cessation of the lines is 
apparently not as abrupt as here. In the case of Hes, Curtis has in fact 
called attention to the expansion and possible ultimate instability of the 
molecule under centrifugal force.* 

The CaH band here described may deserve further study if intense 
and pure exposures can be obtained under high dispersion. For this 
purpose, a quartz Ca are lamp containing hydrogen and run at a suffi- 
ciently high temperature to prevent loss of hydrogen as solid CaHg, 
would seem to be promising. Some of Professor Saunders’ photographs 
were obtained with such a lamp, containing, however, only such hydrogen 
as was accidently present. It may be that the Ca hydride bands in the 
red?’ are emitted by the molecule that emits the present band, but in 
a lower state of excitation. 

The writer wishes .to express his appreciation of the very helpful 
suggestions and criticism of Professors F. A. Saunders and E. C. Kemble, 
and for the plates lent by Professor Saunders and Professor Crew. 


JEFFERSON PHysicaAL LABORATORY, 
HARVARD UNIVERSITY, 
October 15, 1924. 


37 For theoretical interpretation of this coefficient see A. Kratzer, Zeit. f. Phys. 3, 
289 (1920). 





ABSORPTION SPECTRA IN THE ULTRA-VIOLET 


THE ABSORPTIGN SPECTRA OF COPPER, SILVER AND GOLD 
VAPORS IN THE ULTRA-VIOLET 


By R. V. ZUMSTEIN 


ABSTRACT 


Using a carbon tube heated to between 1600°C and 2000°C with an oxy- 
acetylene torch, the absorption spectrum has been studied in the ultra-violet 
to 2000 A. With copper, besides strong absorption at the first pair of the 
principal series 3273.9 and 3247, in agreement with Grotrian, lines were found 
at 2225, 2182, 2178.9, 2165, 2024.3 and, with 2000°C, at 2244. The second 
pair of the principal series has been calculated by Randall to come at 2024.4 
and 2025.7, but the absence of any trace of the second line makes this identifi- 
cation still uncertain. With silver very strong absorption was obtained at 
3382 and 3280 (as by Grotrian) and also at 2070.0 and 2061.2. These are the 
first two pairs of the principal series. With gold there was distinct absorption 
only at 2675.9 and 2427.9 indicating that these lines are the first pair of the 
principal series. 


INTRODUCTION 


HE absorption spectra of copper and silver vapors have been in- 
vestigated by Grotrian.'! The absorption cell which he used was an 
evacuated quartz tube 30 cm long. With this tube heated to about 
1200°C_ he obtained sufficient vapor to show absorption at the first 
members of the principal series of doublets for copper and silver. Accord- 
ing to Fowler? there is some doubt concerning the position of the higher 
members of both these principal series. The lines observed in absorption 
by Grotrian are of very great intensity in the arc and strongly reversed. 
It had been long suspected that they were the first members of the 
principal series of doublets. The position of the next higher members 
of this series has been calculated to be in the region of 2000 A. In the 
arc spectrum of copper and silver there is no intense doublet in this 
region. The following remarks are taken from Fowler’s Report, p. 110: 
. . it is doubtful whether the second pair is really represented in the 
spectrum. In any case, there would seem to be an unusually rapid fall 
in intensity in the principal series.’’ It therefore appeared desirable to 
study the absorption spectra of copper and silver vapors in the region 
of 2000 A to see if the second pair could be identified with certainty. 


’ 


' W. Grotrian, Zeit. f. Phys. 18, 169 (1923) 
* Fowler, Report on Series in Line Spectra, p. 111. 
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APPARATUS 


In Grotrian’s work the windows of clear fused quartz which were sealed 
to the ends of his absorption cell frequently became opaque and had to be 
renewed. Since quartz begins to absorb radiation below 2000 A and also 
cannot be heated above 1200°C for any length of time, an attempt was 
made to design an absorption cell without windows and without using 
quartz. 

The method used is indicated in Fig. 1. A carbon tube C 15 cm long, 
has a hole of 1 cm diameter drilled through the center with a small 
pocket to hold the metal. The source of light S is a condensed spark 
between electrodes of zinc, cadmium or aluminium. Through the side tube 
IT hydrogen enters when necessary to prevent oxidation of the heated 
metal. The central portion of the carbon tube is heated from the out- 
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side, by an oxy-acetylene torch 7. Iron shields J; and J; protect the 
source of light and the slit of the spectroscope from the spreading of the 
flame. The temperature of the drop of molten metal was between 
1200°C and 2000°C as measured by an optical pyrometer. 


EXPERIMENTAL RESULTS 


: Silver. As the carbon tube heated up the silver melted and the central 
part of the tube became filled with vapor which was visible. Strong 
absorption was observed at 3280 and 3382 as first observed by Grotrian. 
The absorption at 3280 was stronger than at 3382. Using a small quartz 
spectroscope the region of 2000 A was examined. No absorption was 
observed in this region below a temperature at which the lines at 3280 
and 3382 showed a considerable broadening, when lines appeared at 
2061.2 and, at higher temperatures, at 2070.0. The absorption was 
stronger at 2061.2 than at 2070.0. 
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The position of the second pair of the principal series of doublets was 
first calculated by Randall* at 2070.0 and 2061.3. Rubies‘ has photo- 
graphed two lines in the silver spark at 2070.05 and 2061.55 which 
Catalan® considers are the second pair. Shenstone® has obtained a low 
voltage arc in silver vapor showing only the first two pairs of the principal 
series. He states that the wave-lengths of the second pair as given by 
Rubies are not correct. 

In taking the absorption spectra, the arc in air between pure silver 
electrodes was always photographed for comparison. Two lines, 2061.2 
and 2070.0 are distinctly present in the arc. These wave-lengths were 
determined using Hasbach’s’ values of the copper spark as standard. 
From these results it seems certain that the second pair of the principal 
series of doublets of silver are 2061.2 and 2070.0, in close agreement with 
the values predicted by Randall. 

Copper. A similar procedure was followed for copper. It was very 
noticeable that in order to secure copper vapor the carbon tube had to be 
heated to considerably higher temperatures than for silver. As the 
temperature was increased the lines 3274 and 3247 first appeared in 
absorption. When the copper drop was at 1600°C additional absorption 
lines were observed corresponding to the emission lines 2225.6, 2181.6, 
2178.9, 2165.0, 2024.3, and at the highest temperatures a line also 
appeared at 2244.2. It was only at the highest temperatures (2000°C) 
that the two main absorption lines showed considerable broadening. The 
component of shorter wave-length being always the more intense. The 
observations regarding this pair are in agreement with Grotrian’s. 
Absorption was also observed at 2833, 2170 and 2139. The first two are 
due to lead and the last one to zinc. The copper used was among Baker’s 
Analyzed Chemicals, certified to contain no lead. After the copper had ~ 
been kept about 10 minutes at 1600°C, no trace of absorption at 2833 
and 2170 could be obtained. The lead had apparently evaporated. 

There seems little doubt that the first members of the principal series 
of doublets are 3247 and 3274. The second pair has been calculated by 
Randall’ at 2024.42 and 2025.73. At that time only one line had been 
observed by Kayser and Runge at 2025.08. Rubies* has observed two 


5 Randall, Astrophys. J. 34, 1 (1911) 

* Kayser and Konen, Spektroskopie, 7, p. 42 
* Hicks, Analysis of Spectra, p. 258 

* Shenstone, Nature, Oct. 4, (1924), p. 501 

? Kayser and Konen, op. cit.‘ p. 350 

* Kayser and Konen, op. cit.‘ p. 351 
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lines in the are at 2024.05 and 2023.64. Fowler® states that Rubies has 
observed two lines at 2025.1 and 2024.11 (international normals). 
Shenstone’ has photographed the low voltage arc in copper vapor in this 
region. In place of a pair he obtained a single line at 2025. Using the arc 
in air between copper electrodes I get a strong line at 2025.36 and a faint 
line at 2024.3. The wave-length 2024.3 was obtained as before, using 
Hasbach’s values of the copper spark as standards. If, however, the arc 
is obtained from one electrode of copper and the other of silver, 2024.3 
is much stronger than 2025.3, which is observed to fall off rapidly in 
intensity with distance from the copper electrode. It would appear that 
2025.36 is a spark line and 2024.3 an arc line. It is to be noted especially 
that instead of a doublet at the position calculated for the second pair, 
absorption was only observed at a single line, 2024.3. From this work 
one cannot be certain of the second pair of the principal series. The 
absorption at 2244 appears to be due to copper atoms in an excited state 
since it only occurs on three plates taken at the highest temperatures, 
about 2000°C. 

Gold. The gold was observed to melt readily, but at very high temper- 
atures the quantity of vapor present in the tube was small as judged by 
the eye. However the absorption at 2427.9 and 2675.9 was well marked, 
the absorption at 2427.9 being the stronger. Absorption was also observed 
at 3280, 3382 and 3303. The first two are due to silver but the origin of 
the third line is uncertain. This affords good evidence that the first 
members of the principal series of doublets are 2427.9 and 2675.9. No 
other absorption lines were observed of wave-length greater than 2000 A, 
the higher members of this series being in the Schumann region. 

In the absorption spectra of these three elements the component of the 
doublet having the shorter wave-length is always the stronger. In this 
respect the spectra are similar to those of the alkali metals. Similar also 
is the increase in the separation of the doublets with increasing atomic 
weight. The rapid falling off in intensity of the higher members of the 
principal series as noted by Fowler is very remarkable. 

NATIONAL RESEARCH FELLOWsHIP, 
Puysics DEPARTMENT, 


UNIVERSITY OF MICHIGAN, 
November 22, 1924 


* Fowler, op. cit.? p. 109 





EFFECT OF SUPERPOSED ALTERNATING FIELD 


EFFECT OF A SUPERPOSED ALTERNATING FIELD 
ON APPARENT MAGNETIC PERMEABILITY 
AND HYSTERESIS LOSS* 


By T. SPOONER 


ABSTRACT 


It is often assumed that when an alternating magnetizing force is superposed 
on a constant magnetizing force, the permeability of the magnetic material 
is increased and the hysteresis loss decreased owing to the shaking-up action 
of the alternating field on the magnetic particles. It is shown that these 
effects are only apparent and that the true permeability and hysteresis remain 
approximately the same as under constant field conditions. What are actually 
measured are the midpoints of displaced minor hysteresis loops. From the 
known laws of variation of these minor loops the apparent magnetization curves 
and hysteresis loops under a superposed alternating field can be calculated. 
The method of doing this is illustrated. Under these assumptions a super- 
posed alternating field actually increases the hysteresis loss instead of suppres- 
sing it as has often been assumed, the resulting hysteresis including losses due 
to displaced minor loops besides those due to an increased major loop. These 
conclusions are supported by magnetization curves obtained with 1 percent Si 
steel punchings which are shown to agree with the calculated curves. Some 
consideration is given to tne case when the fields are at right angles but at 
present it is not susceptible to quantitative calculations. 


Ma»Y investigators have studied experimentally the effect of super- 
posing alternating current on direct-current magnetization with 


reference to its effect on magnetization curves and hysteresis loops as 
obtained ballistically or by means of a permeameter or magnetometer. 
It seems to be the commonly accepted opinion that in the presence of 
superposed alternating current the magnetic particles are shaken up as. 
they are by mechanical vibration, thus being put into a state in which 
they are more easily oriented by an applied field. Thus the effective 
permeability is increased and the hysteresis loss suppressed. We shall 
attempt to show that this is an erroneous assumption and moreover 
shall show how it is possible, approximately, at least, to predict the 
apparent magnetization curves or hysteresis loops under conditions of 
superposed alternating current for any ordinary magnetic material when 
the d.c. and a.c. magnetizing forces are parallel. 


NATURE OF THE PHENOMENA 


If we realize that superposed alternating current produces minor 
hysteresis loops and assume that a so-called anhysteretic curve is merely 


* Westinghouse Electric and Manufacturing Co., Scientific Paper No. 171 





528 T. SPOONER 


derived from the midpoints of these minor hysteresis loops, it becomes 
a simple matter to predict the magnitude of the apparent permeability 
from the known characteristics of these displaced or unsymmetrical 
hysteresis loops. The method will be clear from an inspection of Fig. 1, 
which illustrates what happens when d.c. magnetization is superposed 
on an a.c. magnetizing force. 

This figure is for constant change of induction, AB. The values are 
calculated but correspond approximately to what would be obtained by 
test. a,b,c,d,e is a normal magnetization curve. Suppose there were no 
direct current present and we applied a sufficient a.c. magnetizing force 
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Fig. 1. Showing effect on the apparent ballistic magnetization curve of applying 
a constant alternating voltage. 


to give a maximum induction of 1 kilogauss or a change of induction of 
2 kilogauss, the hysteresis loop a—a, would result. Now suppose we 
applied a d.c. magnetizing force of 0.2 gilberts/cm, then the upper tip 
of the hysteresis loop would move up the normal induction curve to b 
and the loop b—},; would result. The apparent induction would be at 
the center of the loop. As we increase the d.c. magnetization the loop 
would move further and further up and, since the effective or incremental 
permeability’ wa, which is equal to AB/AH for the minor loop, decreases 
as the loop is more and more displaced, the values of AH7 would increase 
for a given value of AB. The apparent magnetization curve is given as 


1 T. Spooner, Jour. A. I. Elec. Eng. 42, 42 (January 1923) 
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the center points of these displaced loops. It will be shown that this is 
approximately what actually happens. 


EXPERIMENTAL METHODS 


In order to check these assumptions experimentally a sample of 
1 percent silicon steel consisting of 394 grams of ring punchings, having 
an outside diameter of 4.5 inches (11.3 cm), an inside diameter of 3.5 
inches (8.9 cm) and individual laminations .0172 inches (.043 cm) thick, 
were supplied with suitable windings and connected as indicated by Fig. 2. 

Ballistic data were obtained in the usual way, inductions being read 
on an overdamped ballistic galvanometer or fluxmeter. The a.c. voltage 
from which the a.c. inductions were calculated was determined by means 
of a synchronous contactor and d.c. voltmeter. This gave the average 












































Fig. 2. Diagram of connecticns, 


voltage for one-half cycle since the other half was suppressed. The 
maximum induction was calculated in the usual way from the d.c. 
voltmeter reading. Care had to be used in the choice of a d.c. voltmeter, 
a high resistance instrument being essential. Since it was in circuit only 
very half cycle, if it had a low resistance a d.c. component of current 
would be introduced which would disturb the assumed condition, namely, 
that all of the d.c. current was supplied from the battery circuit. 

With the arrangement used the a.c. current was nearly a sine wave, 
the cyclic variation in permeability of the sample appearing then in the 
voltage wave which under certain conditions was undoubtedly con- 
siderably distorted. This was the reason for the use of the synchronous 
contactor and d.c. voltmeter, as otherwise the maximum induction 
amplitude would have been difficult to estimate accurately. 
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EXPERIMENTAL RESULTS; MAGNETIZATION CURVES 


Fig. 3 shows some typical magnetization curves as obtained by the 
above-described method. For each curve the reading of the d.c. voltmeter 
when connected through the synchronous contactor was kept constant 
which means that the minor loops had a constant induction amplitude - 
(that is, AB was constant). AJ/ of course varied for each mean d.c. 
induction. Similar curves, not here shown, were obtained with A// held 
constant and AB allowed to vary. These curves are typical of those 
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Fig. 3. Effect of a superposed alternating field on normal induction 
































for 1°; silicon sheet steel. 


obtained by other observers and many examples can be found in previous 
issues of the Physical Review. Perhaps the most complete set of data 
along those lines is given by Y. Niwa and Y. Asami.’ 

From these curves the following characteristics may be noted. 

1. For small values of AB the apparent induction was increased with 
a given d.c. magnetizing force, that is, the apparent permeability in- 
creased, for the whole range of inductions considered. 


*Y. Niwa and Y. Asami, Electrotechnical Laboratory Report No. 124; Dept. of 
Communications, Tokyo, Japan. 
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2. For medium values of AB the apparent permeability reaches a 
maximum and the point of inflection in the apparent magnetization curve 
disappears. 

3. For still higher values of AB the apparent permeability becomes less, 
the effect being particularly pronounced at the high inductions, the 
apparent permeability becoming even less than for the normal condition. 


CALCULATED MAGNETIZATION CURVES 


In order to show how these test results agree with the theory outlined 
above it would have been possible to plot results using the observed AB 
and A/T values (see Fig. 2) and plot the midpoints for the minor loops 
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Fig. 4. Displaced hysteresis loops. Incremental permeability. 
Ms =MBm (a+bAB) 
Ms =average permeability of displaced loop. 
MBm =normal permeability corresponding to maximum tip of displaced loop. 
4B =amplitude of displaced loop in kilogausses. _ 
Note: For amplitudes of pulsation greater than 4 the amplitude of the major 
loop, this method gives results which are somewhat too high. 


as indicated by Fig. 1. Instead, however, since we wished to have a 
method of predetermining the so-called anhysteretic curves, we calculated 
the AH values from the AB values using a method which we described 
about two years ago and which involves the calculation of the incremental 
permeability' 4, which equals AB/AH, where AB is the induction ampli- 
tude of the minor hysteresis loops and A// is the amplitude of the mag- 
netizing force. Fig. 4 gives the method of calculation. ya is a function 
of AB, the induction B,, of the upper tip of the displaced loop and the 
normal permeability corresponding to B,,. The a and b factors are a func- 
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tion of the maximum induction B, and were derived experimentally 
as described in the A.I.E.E. paper previously mentioned. Knowing AB, 
ua can be calculated for any induction and from it AH may be calculated. 

Using this method the apparent magnetization curves corresponding 
to the experimental results of Fig. 3 were calculated. Fig. 5 shows the 





8-Mlogavsses 


H-Gilberfs per cm. 


Fig. 5. Curves showing method of calculating apparent magnetization curve. 
Results for 1% silicon sheet steel. 


details of the method. Any point on the normal induction curve, as 
shown by the dots, being chosen, a line was drawn to the left correspond- 
ing to the assumed AB and calculated AH, and the midpoint taken as 
a point on the apparent magnetization curve. The test values are given 
for comparison. 





Fig. 6. Effect of superposed a.c. on ballistic B-H curves; for 1% silicon sheet steel. 


Using the same method the results shown in Fig. 6 were obtained, the 
left hand curves corresponding to Fig. 5. The agreement between 
observed and calculated values is not particularly good in some cases, 
but qualitatively the results are satisfactory. A considerable amount 
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of additional data was obtained but those examples served to show the 
nature of the results. 

The maximum apparent permcability occurs when the tip of the 
undisplaced minor loop coincides with the normal induction curve or 
major hysteresis loop at the point of maximum slope or maximum 
differential permeability. 


HYSTERESIS Loops 


If we have a normal ballistic hysteresis loop for a sample of magnetic 
material and superpose alternating current, the apparent hysteresis may 
be very materially altered. The results may be explained by a similar 
line of reasoning to that used for the magnetization curves. 


Fig. 7. Hysteresis loops showing effect of superposed alternating field. 


Referring to Fig. 7 suppose we have a normal 10-kilogauss loop as 
shown by the full lines. Suppose now we superpase sufficient alternating 
current to give AB equal to 1.25 kilogausses. The resulting apparent 
loop will be about as shown by the dotted lines, indicating a considerably 
decreased hysteresis in spite of the fact that the tip value of the induction 
is increased. _The ordinary assumption is that the hysteresis has been 
decreased by the alternating current. A little consideration will show, 
however, that what we measure are the midpoints of a series of minor 
hysteresis loops and the true loop is that indicated by the dot and dash 
line, which corresponds to an actual increase in hysteresis. In addition 
we have the hysteresis corresponding to the areas of the minor loops. 

The curves of Fig. 7 were calculated and serve merely to illustrate 
the principle. 
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That this is the true condition is shown by Figs. 8,9 and 10. The 
apparent hysteresis loops as measured ballistically with a superposed 
All of .565 are given by the full lines (Fig. 8). Now taking the observed 
AB and All values (see Fig. 2) and assuming that the midpoints lie on 
the apparent hysteresis loop, the left ends of the lines corresponding 
to the tips of the minor loops should lie on the normal d.c. hysteresis 
loop. Within the experimental error they actually do. The crosses show 
the points as plotted from AB and A// values and the circles the normal 
hysteresis loop as measured ballistically, corresponding to a maximum 
induction of 10 kilogausses. (Only the left side of the loop is shown). 
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Fig. &. Effect of superposed alternating field on apparent hysteresis; 
1°; silicon sheet steel. 

Fig. 9 shows similar data corresponding to a larger value of A// 
(1.13 gilberts'cm). Here the apparent loop is still smaller. 

It may be noted here that the a.c. magnetizing current consists of two 
components, one to supply the hysteresis and eddy losses and the other 
the magnetizing component. It is the latter which should be used in 
calculating the true AJ7. When AB is small the loss component is neglig- 
ible. In the case of the induction points of Fig. 9, however, the loss 
component is appreciable. Without making corrections as indicated 
above the points are given by the horizontal-vertical crosses. When 
corrected they are given by the diagonal crosses. As a matter of interest 
a further calculation was made using the data of Fig. 9. The normal 
hysteresis loop corresponding to B,,=10 kilogausses was plotted as 
shown by the dotted lines. The AH values were then calculated using 
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the method of Fig. 4, corresponding to the measured AB values. The 
apparent hysteresis data were then plotted (see Fig. 10) as indicated by 
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Fig. 9. Effect of superposed alternating field on apparent hysteresis; 


1% silicon sheet steel. 


‘ ; , 
the,dot and dash lines and these may be compared with the actual 
observed apparent hysteresis as shown by the full lines. 


+ 
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F ig.“10. Comparison of calculated and test hysteresis loop for a AH (a.c.) of 1.13; 
1°% silicon sheet steel. 


A point which should be considered is the effect of successive repetitions 


7 . . . . . . 
ofa minor hysteresis loop on its position, magnitude and slope. In other 
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words, are the minor loops under a.c. conditions the same as under d.c.? 
Successive ballistic loops were taken to determine the effect of this 
repetition on the incremental permeability. Table I and Fig. 11 show the 




















results. 
TABLE I 
Bn 7 “iw an i 7 
major minor Bmin AH 4B MA Cycles Decrease 
loop loop Test in wy 
10 7.28 2.28 1.13 5.0 4430 Ist 0 per cent 
4.5 3980 2nd 10 
4.2 3720 10th 16 
4.0 3540 50th 22 
13.6 13.6 12.3 3.78 1.28 339 1st 0 
318 2nd 6 
308 10th 9.4 
286 50th 15.6 
286 100th 15.6 








The sample was put through a 10-kilogauss loop a number of times and 
then the induction reduced from the tip @ to point b by applying a 
reversed magnetizing force of —.45. The magnetizing force was again 
reversed and increased to +.68 giving the point c. The magnetizing force 
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perecm 


-Gilber!s per cm 
Fig. 11 Fig. 12 
Figs. 11 and 12. Showing change in incremental permeability for repeated 
reversals; 1% silicon sheet steel. 


was then repeatedly reversed between —.45 and +.68 and the AB values 
noted as given by Table I. At the end of the 50th reversal the tips of the 
resulting minor loop occupied the positions d and e, showing a decrease 
in AB of 22 percent from the 1st to the 50th loop. The point d was 
determined after the completion of the. 50th reversal by increasing the 
current in the negative direction to the value corresponding to the tip 
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value of the 10-kilogauss loop and noting the change in induction. This 
manipulation was all performed by the switching arrangement shown 
by Fig. 2. 

A similar set of data was obtained from a maximum induction value of 
13.6 kilogausses and a AH of 3.78. In this case the H values were not 
reversed in direction and the minor loop was at the tip of the major loop. 
The results are shown in Table I and Fig. 12. Here the decrease in 
ua for the 50th loop was 15.6 per cent with no change from the 50th to 
the 100th loop. 

We may conclude from these data and other results not here reported 
that the incremental permeability decreases from 10 to 25 percent for 
a large number of reversals but the minor loop does not change its 
position to any considerable extent. Apparently with repeated reversals 
between definite A/7 values the magnetic particles tend to settle down 
to more stable positions, thus orienting themselves less easily with 


TABLE II 








AB Bmoz ua(obs.) HA 
(k gauss) (k gauss) Ballistic A.C. (calc.) 





6.4 10.7 3320 
13.1 1730 
14.1 1010 
14.85 595 
15.4 352 


3080 
1960 
843 
586 
384 


2100 

1240 1900 
890 1140 
553 755 
330 445 
226 314 


1070 1500 
988 880 1160 
617 487 675 
341 195 388 
260 176 300 


8. 
11. 
13 
13. 


Mminww AOwWSSH 








change of field and therefore giving a decreased effective permeability. 

In order to show the variations which occur between the calculated 
incremental permeability values and the test values, Table II has been 
prepared. The first column gives the difference in induction between the 
upper and lower tips of the minor loop. The second column gives the 
induction of the upper tip of the minor loop. The third column gives 
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the incremental permeability as obtained ballistically and the fourth 
column as obtained under a.c. conditions from the reading of the d.c. 
voltmeter and the a.c. ammeter (see Fig. 2). The last column gives the 
uy Values as calculated by means of Fig. 4. It will be seen that while in 
some cases there are quite large discrepancies, for the a.c. wa values in 
general the checks are fairly good. The discrepancies between the a.c. 
and d.c. results are probably due not so much to the differences between 
the a.c. and d.c. conditions as to errors in the a.c. tests. No great pains 
were taken to eliminate all the sources of error as we were looking chiefly 
for qualitative results. For instance, no correction was made for the losses 
or d.c. components of the magnetizing current in the d.c. voltmeter and 
synchronous-contactor circuit and in general no corrections were made 
for hysteresis and eddy-current losses in the sample. Moreover, a slight 
error in estimating the inductions under certain conditions would mean 
a large error in the calculated results. More careful experimental work 
would probably bring the a.c. tests and the calculated values much 
closer together but we did not think the extra time and work were 
warranted in this case. 


DISCUSSION OF RESULTS 


These results all seem to show that the apparent magnetization and 
hysteresis results under superposed a.c. may be calculated, qualitatively 
at least, from a consideration of the d.c. or ballistic characteristics of the 
material. In other words, the alternating current does not very materially 
alter the nature of the hysteresis effects but simply masks them. The 
terms anhysteretic curve and suppressed hysteresis, it seems to us, are 
misnomers and if their use is continued it should be with the under- 
standing that the terms are not descriptive of the actual phenomena. 

Of course alternating current a'ters the conditions somewhat because of 
hysteresis and eddy losses and, as shown, repeated reversals between the 
same limits give somewhat different minor loops from the first one but 
the changes are not very large. We see no reason to suppose that the a.c. 
conditions are very different from the ballistic conditions so long as 
suitable corrections are made for the known differences in conditions 
and so long as the frequency is not sufficiently high to produce skin effect. 

If a magnetic material is subjected to normal frequency excitation a 
certain hysteresis loss will result. If high frequency a.c. is supplied from 
a separate circuit the input from the low frequency circuit will decrease, 
indicating a reduction of low frequency losses.’ As a matter of fact, the 


* Fk. Schroter, Archiv. Elektrotech. March 31, 1924, p. 30. 
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hysteresis loss due to the low-frequency circuit is not only present but 
is actually increased since the maximum induction is increased, and 
also there are added the losses due to the minor hysteresis loops produced 
by the superposed high frequency. The reduction in input to the low- 
frequency circuit is made up by the high frequency circuit, there being 
no real decrease in low frequency hysteresis loss. 

The above conclusions mean that for induction-motor teeth there 
exist fundamental-frequency normal-hysteresis losses corresponding to 
the induction of the tooth in the position of minimum reluctance and 
also hysteresis losses due to the minor hysteresis loops. 


QUADRATURE MAGNETIZATION 


Many of the anhysteretic data reported in the literature have been 
obtained with the alternating current and direct current magnetizing 
forces at right angles. This relation is usually produced by applying 
the constant field longitudinally for a rod specimen, for instance, by 
means of a solenoid surrounding it, and supplying the a.c. quadrature 
magnetization by passing alternating current longitudinally through 
the specimen. The resulting apparent magnetization curves are very 
similar in appearance to those obtained with the alternating-current and 
direct-current magnetizing forces in parallel. 

The explanation of the effects is probably this: On the hypothesis 
that the elementary~magnetic particles are in groups as assumed by 
Ewingt and as elaborated by Evershed,’ when a.c. magnetization is 
applied the elementary magnets are continually shifting from one group- 


ing to another and each elementary magnet in thus shifting probably 


does so by a sudden jump, passing through a condition of unstable 
equilibrium. In this unstable state the constant field at right angles 
can very readily capture the magnetic element and orient it in a plane 
nearly at right angles to the plane of the a.c. magnetization, provided 
the d.c. magnetization is sufficiently strong. The apparent permeability 
will thus be greatly increased, since the same d.c. magnetizing force 
would not be able to orient the magnetic particles unless they had been 
put into the unstable condition by the a.c. field. In fact for moderate 
a.c. fields and small d.c. fields the permeability may appear to be almost 
infinite. For high d.c. and a.c. fields the apparent permeability parallel 
to the d.c. field is decreased, since the d.c. field is no longer able altogether 
to rotate the elementary magnets into its own direction because of the 
strong a.c. field at right angles. 


* Ewing, Magnetic Induction in Iron and Other Metals. 
* S. Evershed, Inst. Elec. Engrs. J., Sept. 1920, p. 780. 
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This condition of quadrature fields is of interest theoretically but 
in practice the a.c. and d.c. fields are usually parallel. Since the parallel 
case is by far the more important, it is fortunate that it can be dealt with 
quantitatively whereas the quadrature relation, at least at present, 


can not.* 
WESTINGHOUSE ELECTRIC AND MANUFACTURING Co., 
East PITTSBURGH, PA. 
November 12, 1924. 


* Since writing this report there has come to my attention a recent Japanese publi- 
cation (Further Study on the Magnetic Properties of Sheet Steel under Superposed 
Alternating Field and Unsymmetrical Hysteresis Losses, by Y. Niwa, J. Matura and 
J. Sugiura. Researches of the Electrotechnical Laboratory, Department of Communi- 
cations, Tokyo, Japan) describing a very fine series of experiments along this same line 
which are much more complete than mine. They come to the same conclusion that the 
apparent permeability and hysteresis values under superposed a.c. conditions can be 
predicted from a knowledge of the static or ballistic characteristics of the material. 
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ANHYSTERETIC MAGNETOSTRICTIVE EFFECTS IN 
IRON, NICKEL AND COBALT 


By Paut McCorkLe 


ABSTRACT 


(1) Effect of tension on the intensity of magnetization. This is a continu- 
ation of previous work,' using the same specimens of iron, nickel and specially 
pure cobalt. In order to eliminate the effect of hysteresis, use was made of an 
alternating field of 1500 cycles, superposed at suitable intervals. Use of this 
field led to a convenient method of compensating for the earth's field. In the 
case of iron, with a weak field (0.85 gauss), the first effect of tension in a freshly 
annealed specimen is an increase to a maximum, but successive cycles of loading 
caused this initia! increase to disappear. Fora field of 1.55 gauss the effect was 
a decrease from the start, the effect increasing more rapidly than the tension 
and being considerably greater than when hysteresis was not eliminated. In 
the cases of nickel and cobalt the effect is a steady decrease which in both cases 
increased less rapidly than the tension. The elimination of hysteresis greatly 
increased the effect in nickel (0.85 to 7.7 gauss) but not in cobalt (18 and 57 
gauss). (2) Effect of a longitudinal field om the length of specimen under tension 
of 7.6 X 107 dynes/cm? was an increase in the case of iron, a decrease in the case 
of nickel. In both cases, elimination of hysteresis increased the effect for fields 
below 15 gauss. The effect for cobait was too small to measure. The thermo- 
dynamic relation between the two effects (0//@F)q =(@L/aH)p, where F is the 
tension, is not satished by the results obtained. Until the irregularities and 
discrepancies bet ween different specimens are eliminated, agreement is hardly 
to be expected. 


N a previous paper' results were given for various magnetostrictive 

effects in iron, nickel and a specimen of especially pure annealed 
cobalt wire. As a continuation of this work, a study was made of the 
effect of tension upon the intensity of magnetization in the same speci- 
mens. A survey of the work of other investigators on this effect em- 
phasizes the important role which hysteresis plays in making the results 
complex. Ewing,? studying the effect of tension on intensity of mag- 
netization in iron and nickel, found that for the initial loadings in the 
case of iron the results are very peculiar, but that after several repetitions 
of loading and unloading, a condition is reached called cyclic in which 
there is more regularity. There is still, however, marked evidence of the 
effect of hysteresis. His results showed that nickel was influenced less by 
hysteresis than iron. The effect of tension on the intensity of magnetization 
has been investigated by many other workers, but perhaps the most 


' McCorkle, Phys. Rev. 22, 272 (1923) 
* Ewing, Magnetic Induction in Iron and other Metals. 
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careful study was made by Honda and Terada.* In no case so far as is 
known has any attempt previously been made to eliminate hysteresis 
completely in such experiments. 

Various investigators have devised methods of reducing hysteresis in 
connection with magnetization experiments. These methods consist 
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Fig. 1. Intensity of magnetization as a function of field 7. Curves A, B, C; with 


hysteresis. Curves D, E, F; with no hysteresis. 

for the most part in superposing various alternating and oscillatory 
fields upon the magnetizing field. Maurain‘ made a careful comparative 
study of the efficacy of the various fields and found that the type of field 


‘ Honda and Terada, Phil. Mag. 14, 65 (1907) 
' Maurain, Jour. de Phys. 3, 417 (1904) 
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to be used depended largely upon the type of specimen to be studied. 
If the Ewing magnetometer method of measuring the intensity of 
magnetization is used, one of the most satisfactory methods for the 
elimination of hysteresis is to apply an alternating field after each step 
in the magnetizing process. The procedure is to apply a magnetizing 
held of small value and follow with the alternating field, varying its 
amplitude from zero to a maximum and back to zero. The result of apply- 


ing this field is to cause a sudden jump in the intensity of magnetization 
to a new value. (Fig. 1.) In the case of iron the effect is very pronounced, 


a near approach to saturation being reached in very small fields. 

The solenoid used in the experiments consisted of a brass cylinder with 
three concentric windings. The innermost one was used for the mag- 
netizing current, the middle one for the alternating current and the outer 
one for the current used to neutralize the vertical component of the 
earth’s field. The solenoid was sufficiently long so that the field was 
practically uniform over the length of the specimens, 23 cm. A Ewing 
magnetometer was used to measure the intensity of magnetization. The 
specimens were the same as used in the previous work.' 

The method just described accidentally provided a very convenient 
method for the compensation of the vertical component of the earth’s 
field inside the solenoid, which is usually a troublesome process. In order 
to neutralize the earth’s magnetic field, the zero position of the mag- 
netometer needle was detérmined and a wire or thin rod of iron or nickel 
was hung in the center of the solenoid. This produced a deflection, due 
partly to the magnetization caused by the earth’s field and partly to 
residual magnetism in the specimen. The alternating field was now 
varied from zero to about 15 gauss and back to zero. The result was a 
large deflection of the needle of the magnetometer because of the fact 
that the alternating field had greatly increased the intensity of mag- 
netization of the specimen. A small compensating field was now applied 
in the proper winding and the alternating field again applied. If the 
compensating field was in the right direction the deflection was smaller 
than before. A few repetitions of the process brought the needle back 
to the zero position. The method had the great advantage that it could 
be used at any time without disturbing the adjustments and was 
also very sensitive. 

In attempting to use this method for reducing hysteresis in connection 
with the study of the effect of tension on intensity of magnetization, 
several difficulties are at once met. An alternating field of ordinary fre- 
quency disturbs the magnetometer needle to some extent, and in con- 
sequence the small variations due to the change of intensity of magnetiza- 
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tion when the specimen is under tension may be partly masked. Another 
difficulty is the heating due to the eddy currents in the specimen, which 
becomes more troublesome the higher the frequency used. Various 
frequencies were tried and it was found that a 1500 cycle current which 
was available in the laboratory was quite satisfactory in all respects. 
By means of a combination of water and slide wire resistances, the current 
could be varied rapidly and continuously to very low values, a very 
essential feature. In order to investigate the possibility of heating, a 
test was made with a thermocouple, and it was found that the tempera- 
ture change was quite small. In view of the fact that susceptibility 
varies very little with small variations in room temperature, no especial 
precautions were taken to keep the temperature accurate’y constant. 
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Fig. 2. Change of magnetization of iron due to tension in a field 7. For curves A, 
B, C, 17 =0.85 gauss. For curves D and E, 17 =1.55 gauss. For curve F, H =2.94 gauss. 
Hysteresis eliminated for curves A, B, C and D only. 









































EFFECT OF TENSION ON INTENSITY OF MAGNETIZATION 


An iron specimen was hung in the center of the solenoid, the earth’s 
field was carefully neutralized, and a small magnetizing field (0.85 gauss) 
was applied. A load of one kilogram was hung on the specimen, and the 
alternating field varied from zero to 15 gauss and back to zero. The 
deflection being read, a new load was added and the process repeated. 
After sufficient loadings, keeping always below the elastic limit of the 
material, the loads were removed in the same manner. It was found that 
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hysteresis had practically disappeared, the descending curve coinciding 
with the ascending one at practically all points. In a few cases mechan- 
ical oscillations were superposed to remove the last traces of hysteresis. 
Determinations could only be made at low fields because of the large 
deflection of the magnetometer. Moreover the measurements at high 
fields are not important in this work because hysteresis is not a factor 
there. It was found (Fig. 2 curve A) that for a field of 0.85 gauss the 
effect of tension on a freshly annealed iron specimen was an initial in- 
crease in the intensity of magnetization to a maximum, a reversal, and 
finally a large decrease as the load was increased. As the process was 
repeated many times, it was noted that the initial increase began to dis- 
appear (curve B). The specimen was now re-annealed and upon test 
the initial increase reappeared. After about 40 cycles of loading this 
increase again disappeared (curve C). Evidently the cyclic state of the 
specimen determines whether an initial increase in the intensity of 
magnetization will occur. 

With a field value of 1.55 gauss there was probably no increase in the 
intensity of magnetization (curve D). If any existed it was too small for 
observation. 

Determinations were also made for fields of 1.55 gauss (curve E) and 
of 2.94 gauss (curve F), in which hysteresis was not eliminated. Com- 
parison of curves D and E shows clearly the effect of eliminating hys- 
teresis. a: 

No explanation is offered for the shape of the curves which are con- 
cave downward. The general character of all the curves is the same. 
Any attempt to trace the curve further was prevented by the necessity 
of keeping the load well under the elastic limit of the specimen. 

The study of this specimen of iron may help to explain the complex 
curves of Ewing. If the superposition of the a.c. field was stopped at 
an early stage of the loading process and the loads applied without 
further eliminating hysteresis, the iron appeared to be in a state of ex- 
treme instability. The needle of the magnetometer wandered about in 
such a manner as to indicate that rapid variations were taking place in 
the structure of the specimen. If the alternating field was now re- 
applied, the cyclic condition reappeared, and on additional loading the 
results were the same as in the previous determinations. 

In the case of nickel the elimination of hysteresis increases the mag- 
nitude of the change in the intensity of magnetization caused by tension 
for all values of the tension and of the impressed magnetic field. Two 
sets of curves (Fig. 3) have been drawn to show the result of eliminating 
hysteresis. 
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It is of interest to compare the results of Honda and Terada! with those 
of this article. This comparison was made by determining from Fig. 1 
the value of the intensity of magnetization corresponding to the magnetic 
field value for curves D, FE, F, of Fig. 3, and for curve C of Fig. 2. The 
results of Honda and Terada were compiled fer the same values of the 
intensity of magnetization and tension. Some interpolation was neces- 
sary to get corresponding values but the shape of the curves seemed to 
justify this proceeding. In the case of iron the agreement was only fair 


ét ° 7 





Fig. 3. Change of magnetization of nickel due to tension in a field 17. Curves 
A, B,C; with hysteresis. Curves D, E, F; with no hysteresis. Curves Aand D; 7 =0.85 
gauss. Curves Band E; J] =3.4 gauss. Curves C and F; /] =7.7 gauss. 


and the results are not shown. Some of the comparisons for nickel 
follow, for a tension of 510° dynes/cm?. 


I 6] H (gauss) 
McCorkle 160 130 0.85 
Honda and Terada 160 140 3.8 
McCorkle 260 170 3.4 
Honda and Terada 266 181 10.48 
McCorkle 340 195 ae 
Honda and Terada 340 185 21.0 


A possible explanation for this agreement in the values of 6/ is that in 
the low fields used, the change of the intensity of magnetization due to 
tension is a function of the intensity of magnetization rather than of the 
magnetic field. This deserves further study. 

In the case of cobalt the elimination of hysteresis does not affect the 
change of intensity of magnetization as a function of the applied tension 
to a measurable extent. This is to be expected because of the small 
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susceptibility of cobalt in low fields, and the small change of intensity of 
magnetization with elimination of hysteresis (Fig. 1). The curves (Fig. 4) 
give the result with hysteresis eliminated. No effect could be found with 
small magnetizing field values. 


CHANGE OF LENGTH WITH LONGITUDINAL MAGNETIC FIELD 


Because of the thermodynamic relation between change of intensity of 
magnetization with tension and change of length with magnetic field, it 
was of importance to study the change of length with hysteresis elimin- 
ated. The same alternating field was used. Before making determina- 
tions much time was spent in studying the heating effect and in devising 
ways to avoid it. It was found that nickel was extremely sensitive to 


& 


lig. 4. Change of magnetization of cobalt due to tension in a field 77. Curve A, 
/] =18.6 gauss. Curve B, /7=57.3 gauss. With no hysteresis. 


eddy currents. However by making the time of application of the al- 
ternating field of the order of two seconds, the effect of change of tem- 
perature could not be detected by the highest magnification used in 
determining the change of length, about 85000. Unfortunately this short 
time may not completely eliminate hysteresis, but by far the greater 


part is removed as was shown by the previous experiment on the effect 
of tension on intensity of magnetization. Also inasmuch as the magnetic 
field produces a decrease in length in the case of nickel, and a rise in 
temperature would cause an increase in length, it is obvious that the 
observed change in length is not due to a rise in temperature of the 
specimen. In the case of iron the effect of eddy currents did not manifest 
itself so quickly and was not so troublesome where care was used. 

The magnification device used to measure the change in length was a 
combination of a first class lever and an optical lever. The magnification . 
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of the first lever was 85, and that of the optical lever variable at will. All 
of the ordinary precautions were observed. The specimen was surrounded 
by a bath of water and was free from vibrations of mechanical origin. 
Readings were taken at night after traffic had ceased. The methods for 
varying the field were the same as in the previous paper. 

The method of procedure was to determine first the time during which 
the alternating field could be used without causing an observable change 
of length. The earth’s field being neutralized, the smallest value of the 
magnetizing field (1.2 gauss) was applied, and the change of length ob- 
served, if any. Another observer now applied the alternating field, and 
the change of length produced was noted. For the iron and nickel speci- 
mens this value of the magnetizing field gave no visible change of length, 
and the alternating field alone gave no change of length, but both fields 


together gave a definite result. This operation was repeated for various 


magnetizing fields and for different loads on the specimen. 
6 
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Fig. 5. Change of length with longitudinal field, for iron under a tension of 7.6 X 107 
dynes cm*®. Curves A and B; with hysteresis. Curves C and D; with no hysteresis. 

In the case of iron and nickel the change of length for small fields was 
greater when the alternating field was used. However the maximum 
change of length was no greater when hysteresis was eliminated, the two 
curves (Fig. 5) intersecting at about 20 gauss. This would be expected 
because hysteresis is no longer a factor in fields of 20 gauss. 

Repeating the cycle of operations on iron never produced any marked 
difference in the result. There was always a definite increase in the length 
-with increase in the magnetizing field. In this respect the change of 
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length caused by a magnetic field and the intensity of magnetization 
due to tension behave differently. 

The change of length in cobalt could not be observed in the small 
fields used. 


THEORETICAL DISCUSSION 


Consider a wire hung in a longitudinal magnetic field and acted upon 
by loads. Let F be the tension on the wire, L the length, J the intensity 
of magnetization and // the magnetic field. The elongation is due partly 
to F and partly to magnetostriction. If there is no hysteresis it follows 
from thermodynamical considerations’ that (@L/d0H) F = (01/dF)H. Hous- 
toun,® using data obtained by Honda, attempted to test this relation and 
found a qualitative agreement only. It was hoped that data obtained 
with hysteresis eliminated, a condition necessary for the correct use of the 
equation, might give better results. 

In the case of iron, unfortunately, the data obtained depend to so 
great an extent upon the state of the specimen, as is shown in Fig. 2, that 
the curves for the two effects cannot be compared without some further 
knowledge as to the correct conditions for study. A comparison between 
these differential coefficients would therefore be of no value as a check for 
the theory. 

In the case of nickel two comparisons will be given. 

H F (81/8F)y (aL/aH)p 
(gauss) (10? dynes/cm*) (1077) (X107") 


# 7.6 5.5 1 
i 20 5.1 1 


Several reasons may be offered as an explanation of the poor agreement 
shown. The accuracy of the measurements of the change of length in 
small fields is not great. Moreover the amount of the change of length 
seems to vary with different specimens for some unknown reason. A 
survey of results of other observers shows that some of their published 
data on the change of length would give a good agreement with the 
results here shown for the effect of tension on the intensity of magnetiza- 


tion. Other results give a far less satisfactory agreement. These varia- 

tions must be reconciled before the thermodynamic relation can be com- 

pletely tested. Cobalt gave insufficient data for checking the relation. 
The author desires to express appreciation of the assistance of Pro- 


fessors Merrit and Kennard of Cornell University. 
WESTERN RESERVE UNIVERSITY, 
October 7, 1924. 


® Houstoun, Phil. Mag. 21, 78 (1911) 
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REFRACTION OF A SPHERICAL WAVE 
IN A SPHERICAL INTERFACE 


By IRWIN ROMAN 


ABSTRACT 


Transformation of a plane or spherical wave by refraction at a plane or 
spherical surface, treated vectorially—The vector equation of the refracted 
surface is calculated completely in each of the following four cases: (1) Plane 
wave incident on plane surface, (2) plane wave on spherical surface, 
(3) spherical wave on plane surface and (4) spherical wave on spherical surface. 
In each case an exact expression for the longitudinal aberration is calculated and 
this is reduced to the usual formula by expansion in series. 


I. INTRODUCTION 


OST treatments of the problem of refraction of light assume that 
the rays form a ‘‘bundle of rays,”’ departing only slightly from an 
arbitrarily selected ‘‘chief ray.” In some cases, results are obtained as 
expansions in terms of a magnitude which reduces to zero for the chief 
ray, most such expansions stopping with the second order terms. The 
most important case of a chief ray is that of the optical axis, usually 
determined by the mechanical construction of the instrument under 
discussion. The most common systems involve a series of spherical 
surfaces with their centers on a common line, and this line is taken as the 
optical axis. Results for these cases are usually obtained in terms of the 
paraxial angle or of the optical height, of the ray, measured from the axis. 
In a previous article! an analysis for a symmetric system was given by 
means of series. In the present article, the problem will be specialized 
and the results given completely. The incident wave and the interface 
will each be assumed to be plane or spherical, making four cases. In 
each case except that of a plane on a plane, the refracted surface will be 
given in closed form and the longitudinal aberration calculated. In the 
excepted case, the refracted surface will be shown to be a plane. Expan- 
sion of the results in terms of the paraxial angle or of the optical height, 
will reduce the results to the usual forms. 

The problem of refraction is simple of statement and the solution is 
contained in four vector equations. But in reducing the results to co- 
ordinate form, the problem is much less simple. 

Let w (u, v) be the surface of separation of two media of refractive 
index pu; and po, respectively. The expression w (u,v) means that the 


1 Roman, Phys. Rev. 18, 62-77 (1921) 
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vector w starts from the origin of the system and depends on two Gaus- 
sian parameters u and v, such as are used in differential geometry. The 
variables u and v are scalars. Let r (a,8) be a wave surface of the incident 
family, where a and 8 may be distinct from u and »v, and usually are. 
When (a,8) are dete:mined in terms of (u,v), we have r(a,8)=w’ (u,v). 
Let w’’(u,v) be a wave surface of the refracted family. The surface w’’ 
is the one to be found. Let / be the distance from w’ to w measured 
along the normal to w’ and let \ be the distance from w to w”’ along 
the normal to w’’. Write uw for u:/ue. Leth, h’, h’’, be the unit normals 
to the surfaces w, w’, and w’’, respectively, at corresponding points. 

With this notation, the problem of wave transmission may be stated by 
the four vector equations 


w=r-+lh’ (1) 
(uwh’—h’’) Xh=0 (2) 
pl+rA=K (3) 
w’=w+aAh”. (4) 


Eq. (1) makes the correspondence between the parameters (a,8) and (u,v) 
and determines the values of /. It enables us to express all the variables 
in terms of a single pair of parameters, either (a,8) or (u,v). Eq. (2) 
determines the refracted normal h’’. The expression aXb means the 
vector product of thé two vectors a and b in the usual sense. If the 
vector a has the coordinates {ay, as, a3} and the vector b has the 
coordinates {b,, b2, bs}, then the vector product has the coordinates 
\a2b;—@3b2, a3b;—ab3, ayb2—a2b,}. In particular, if aXxb=0, the de- 
terminants of 

a, ae a3 

by be bs 
will vanish. Eq. (2) is the vector form of the usual Snell Law of refrac- 
tion. Eq. (3) determines A in terms of the constant K which selects the 
particular wave from the refracted family. It expresses the fact that the 
optical time from one surface to the other is constant along all rays be- 
tween the two surfaces. Eq. (4) determines the new wave surface w’’. 


II. A PLANE REFRACTED IN A PLANE 


As a simple application of the method of using these equations, con- 
sider a plane wave refracted at a plane interface. Let the incident wave 
train be a family of plane waves parallel to the z-axis and making an 
angle (34—w) with the positive x-axis. In this case we need only the 
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normals to the system, not the surfaces themselves. The unit surface 


normal of the incident family is 

h’=} cos @, sin a, 0} 
If the interface is a plane normal to the x-axis, its unit normal is h= 
{1,0,0}. Let the coordinates of h’’ be {p,o,7}. Then Eq. (2) becomes 


‘ucosw—p, wsinw—o, —r}X{1, 0, 0} ={0, +, o—psinw} =0 


so that 
7=0, o=usinw and p= V1—o0?—7?=V1—p'sin®w . 
Since h”’ is independent of the parameters, the refracted wave is plane. 
This is the usual result. 
Hil. PLANr WAVE AT SPHERICAL SURFACE 


As a second application, let the incident wave be a plane normal to 
the x-axis and the interface a sphere with center on that axis. Take 


P 











Fig. 1 
as the origin, the center of the sphere. Then (see Fig. 1) we may take 


the two surfaces as 


r=—vy}1, tanacos 8, tana sin 8} 
w=-—b)cos u, sin uw cos 2, sin w sin v} 
The unit surface normals will then be? 
h’=/1, 0, 0} 
h=—(1 b)w=}cos wu, sin u cos 2, sin uw sin vf 


Let h’” =! p, o cos, o sinv} 
Then by Eq. (2 
}u—p, —o cos?, —o sin v} xX | cos u, sin u cos 2, sin u sin v} =0 


* The normal to the surface r is h’ =r, Xrg/H where H= V (fe Xrp)?. 
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or the determinants of 
p—u o cos” o sin v 


cos u sin u COS 0 sin w sin? 


must vanish. Thus ¢=(p—yp) tan u. Since p?+oe?=1, it follows that 
p’?+(p—p)? tan’u=1. This reduces to p?—2upsin?’u+ (pu? sin?’u—cos?u) 
=(. Hence p=yu sin’u+R cos u, where R?=1—yp? sin’u. For u=0, 
p= R so we must select R>O and then 

o0=(R—p cos u)sin u. 
By Eq. (1), l= y—b cos u and by Eq. (3) 

A= K-—py+ub cos u. 
Finally, by Eq. (4), 
w'’=!Ap—b cos u, (AR—pr cos u—b)sin u cos 2, 


(AR—pd cos u—b)sin u sin vf 


where p, \ and R have been defined. 

The ray crosses the axis for \=b/(R—y cos u) and for this value of X, 
the abscissa is x=bu/(R—p cos u). For u=0, the abscissa is xo= 
hbu/(1—) so that the longitudinal aberration is 


— 1 1 
eet ae eS 
R-ywcoosu i1i—u 


If we expand this expression for L in powers of u, and retain only second 
order terms, we obtain' 


L = by*u?/2(u—1) . 
In terms of the optical height,! u= —y/b so L=y*y*/[2b(u—1)]. The 
focal length is 


IV. SpHERICAL WAVE AT PLANE SURFACE 


Asa third case, let the incident wave be a sphere of radius a with center 
at the origin and the interface a plane normal to the x-axis. Then (see 
Fig. 2) we may take 

r=—a}cos a, sin a cos 8, sina sin 8} 
w=-—6/1, tanucos?, tanusine; . 
The surface normals are 
h ={1, 0, 0} 


h’= {cosa, sina cos 8, sina sing; =—ra 
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By Eq. (1) w=r—(//a)r=(1—//a)r and w || r so we may select a= 
and B=v. Then since —6=(/—a) cos a, we have /=a—6 sec a and by 
Eq. (3) \=K—patyéd sec u. Let h’’= {po cos v, 0 sinv}. Then Eq. 
(2) is equivalent to the three equations obtained by equating to zero 
the. three determinants of 


u COS U—p Sin uw COS T—o COS? mw sin uw sintv—o sine 


1 (0) 0 


A B " 








Fig. 2 


Thus (u sin u—o)cos v7=(y Sin u—o) sinv=0. 


Since cos 7 and sin 7 cannot both vanish simultaneously, ¢ = sin u for 





every value of v. Since h’-h’’=p?+o?=1, then p= V1—yp’sin’u, the 
positive sign being taken so that the unit refracted normal shall be to 
the right. Finally, by equation (4) 

w'’= )\p—5, (Aucos u—8) tan u cos v, (Au cos u—$)tan u sin v}. 


The ray crosses the axis for \=6/ucos u and the abscissa of this inter- 


section is 
\/1—p?*sin?u 
x=6| —————_- - 1 
ue COS U 


For «= 0 this becomes x,=6(1,4—1) so that the longitudinal aberration 


1s 


L=(6 wp) (sec uy 1 —p?sin?u—1) ‘ 


To the second order, 
° 1 —p 
L=—(1—y*) a? =—— y’*.. 
rm 26u 
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V. SPHERICAL WAVE AT SPHERICAL SURFACE 


For the general case of a spherical wave at a spherical interface, the 
choice of notation is important. Let Fig. 3 be a typical case. Let a wave 
emanate from R and let A be the axial point of the wave at a particular 
instant. Let the lens surface be a portion of a sphere with center at the 
origin O and axial point B, the axis being defined as the line of centers. 
Let a ray above the axis cut the wave at S and the lens at P. Then SP 
is normal to the wave surface. Let RS make an angle a with the axis, and 
OP make an angle u with the axis, taken in each case as a positive or 





Fig. 3 


negative acute angle. Let AR=a, BO=b, AB =e, and OR=c, each taken 
positive from left to right. Let 8 and v be the azimuth of S and P, 
respectively, taken in a right-handed direction around the right end of 
the axis, from 0 to 2x. Then since SP is normal to the wave, it follows 
that 8B =2, as for all cases of symmetrical systems. 

From these agreements follow severai conclusions of importance. For 
a convergent wave a>0.and a $0, while for a divergent wave a<0 and 
a0. For a lens concave to the left, )<0 and u 20, while for a lens 
convex to the left, b>Oand u <0. For a wave to the left of the lens e> 0. 
In every case, it follows that aa<0 and buS0 while a=b+c+e and 
(6+c)a>0. This last relation follows from the fact that R never separates 
A and B. 


With these agreements, we may write for the wave surface: 
r=}c—acosa, — asinacosv, —asin asin 2} 
and for the interface 
= a . silat . — 
w=-—bd) cos u, sin u cost, sin wsin vy . 


The unit surface normals are 


h’= { cos a, sin a cos 2, sin asin 2} 


h={cos u, sin uw cos 2, sin w sin v}. 
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By Eq. (1) we have 
—b cos u=c+(l—a) cosa 
—bsin u=(l—a) sina 
whence 
tan a=b sin u/(c+b cos u). 
Thus 
sina=b sin u/A 
cos a= (c+b cos u)/A 
where A?=b?+c¢?+ 2be cos u. 

The quantity A is PR and has the same sign as a. Then /=a—A. 
This shows that ]=SP=SR+RP=AR—PR=a-—A is always positive. 
By Eq. (3), \=A-—pat+ypA. 

In terms of (u,v), the unit incident ray is 


h’=(1/A)}c+ cos u, b sin u cos 2, b sin uw sin v}. 


Let the unit refracted ray be h’’ = {p,¢ cosv,¢ sinv}. Then Eq. (2) leads 


to the equation 


M , 
—(c+b cos u)—p COs u 
A 
=(0 
b ; : 
. bsin u—o sin u 


or 
o = (p—pc/A)tan u. 


Since p*+0°= 1, it follows that 


9 2yc | pec® ° 9 ° 
p*— rr sin*u Jp+ sin*u— e€os*u=0 








A? 


so that p= (uc/A)sin? u+R cos u where R?=1—(u*c?/A?*)sin? u. Since 
p>0O, we must select R>O and then p=1 for u=0. Further, ¢=S sin « 
where S=R-—(uc/A )cos u. Finally, by Eq. (4) 


se 


w= }Ap—b cos u, (AS—b)sin u cos v, (AS—8)sin w sin v} 


where A, p and S have been defined. 

The ray of angular height u crosses the axis for \=b/S and the ab- 
scissa of this crossing is x=ubc/SA. For u=0, A=b+c, R=1, S= 
(b+c—pc)/(b+c) and x reduces to xo=ubc/(b+c—ypc). Thus the 
longitudinal aberration is 





— 1 1 
L=x—2x9= ube | — - — ) : 
SA b+c—yuc 
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If this is expanded in power series, to the second order in u, 
r cb+yrc) , 


R°A?= [b+c]? 


= [b+c] 








c(1—) (6—p0) 
SA =[b+c- saowsaeiecosnecs 4? 
pe [! 2(b+c) (b-+e—pe) | 


_ bun) (One), 
2(b+c) (b+c—yc)?” 
In terms of the optical height of the point P, 


ue*(1 —p)(b—pc) 


~ 2b(b+c)(b+e—pc)?> 

Special Case I. For a plane wave on a spherical surface, we may let 
the point R move off to infinity. Then a and c become infinite and a 
becomes zero, while a—c=b+e is finite. For this case c/a=A/a=1, 
c—a cosa=—(b+e), asin a=b sin u and l=a—A = (a?—A?*)/(a+A)= 
b+e—b cos u. The formulas reduce to the results derived in part III for 
y=b+e. 

Special Case II. For a spherical wave on a plane surface, we may 
translate the origin to R and let O move off to infinity. Then u=0, 
b=, c=, while }+c=a-—e is finite. Thus b/c=—1, c+bcosu= 
A cos a=a—e and } sin u=A sin a=(a—e)tana. The formulas reduce 
to those obtained in part IV, for i=a—e. 


VI. CONCLUSIONS 


The results contained herein may be considered as an example of the 
vector method of studying wave transmission. Instead of approxima- 
tions, the complete specifications of the refracted surfaces are given for 
the case of a spherical wave refracted at a spherical interface, along with 
the cases where either, or both, degenerates into a plane. Total reflection 
corresponds to u*c* sin? u> A? setting a limit to the applicability of the 
formulas. 

It is hoped that the present article may lead to further applications 
of vector methods to problems of wave transmission. 


VANDERBILT UNIVERSITY, 
NASHVILLE, TENNESSEE, 
July 24, 1924. 
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ON THE EXPERIMENTAL DETERMINATION OF THE 
VISCOSITY OF VIBRATING SOLIDS 


By S. L. QuimBy 


ABSTRACT 


Effect of viscosity on longitudinal vibrations in bars.—T7he theoretical devel- 
opment is based on the assumption, due to Stokes, that the stress in the medium 
due to viscosity is proportional to the first power of the time rate of shearing 
strain. The equation of propagation of a plane longitudinal sound wave along 
a slender bar is made to include the viscous stress which arises from the shearing 
strain associated with this type of disturbance. Comparison with experiment. 
Specimen bars are excited to longitudinal vibration by means of a high fre- 
quency, sinusoidal alternating electric field impressed on a piece of piezo-electric 
quartz cemented to one end of the bar. The amplitude of vibration is observed 
by measuring the torque on a Rayleigh disk suspended in air immediately 
off the other end of the bar. Resonance curves are obtained showing the 
relation between the square of the particle velocity at the end of the bar and 
the frequency of excitation. The experimental curves for hard drawn copper, 
aluminum, and glass are in admirable agreement with those deduced from the 
theory. Curves for soft annealed copper and silver, however, exhibit dis- 
crepancies which indicate the presence of viscous forces varying according to 
higher powers of the strain velocity. 

Coefficient of viscosity as determined from longitudinal vibrations.— Where 
the agreement is good, comparison of the observed with the theoretical reson- 
ance curves yields the value of the coefficient of viscosity of the substance 
multiplied by (1+¢), where o is Poisson’s ratio. The values obtained for this 
quantity for Al, Cu, and plate glass, are 545, 2880 and 2440 c.g.s. units, respec- 
tively. These are in the neighborhood of 10%, in marked disagreement with the 
values of 10° obtained by other investigators using quite different methods. 
It is possible that irreversible changes involving dissipation of energy take 
place in slow bending which are absent in rapid vibrations. 

Velocity of sound in solids——For aluminum, hard drawn copper and plate 
glass the values obtained from the resonance frequencies are 5070, 3650 and 
5710 m/sec., accurate to about 1 per cent. 

Measurement of small changes of elasticity of bars—Changes of less than 
01 per cent can be detected by this method. 

Differential frequency meter for measuring small changes of frequency in 
a high frequency generating set is described, sensitive to a change of less than 
1 cycle per sec. in a frequency of 50,000. 


HE following research is an experimental study of the theory of 
longitudinal vibrations in a viscous medium as developed by Stokes. 
The method involves a comparison between the observed resonance 


curves of a vibrating bar and the theoretical resonance curves which 
follow from the fundamental equation obtained by Stokes. The validity 
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of the theory having been established, the coefficient of viscosity of the 
medium may be calculated. 


A. THEORY 


Viscosity of matter is a term denoting the phenomenon of transfer of 
coordinated molecular motion within the medium into random motion 
or heat. The mechanism of this process lies evidently in those modifica- 
tions in the normal intermolecular cohesive forces, which accompany 
molecular collision. Such extra intermolecular forces, averaged over a 
time interval long compared with their own periods, will constitute an 
equivalent stress in the medium, and it is the object of any theory of 
viscosity to evaluate this viscous stress in terms of the coordinated 
motion (strain) which produces it. Now it is a matter of common ex- 
perience that viscous force, in fluid media at least, depends on the time 
rate of strain and not on the strain itself. Hence the obvious first 
approximation is to assume the viscous stress at any point in the medium 
to be proportional to the strain velocity at that point. Stokes,' however, 
goes one step further than this. The most general type of small strain 
in an isotropic medium may, by the method of the ordinary theory of 
elasticity, be exhibited as a uniform dilatation accompanied by two 
simple shears. Stokes argues that, inasmuch as the viscous forces arise 
from the mutual actions of neighboring molecules, in the case of a dilata- 


tion uniform in all directions these forces will on the average balance one 


another and can therefore contribute nothing to the normal elastic stress 
at the point in question. Thus in Stokes’ theory viscosity is inseparably 
associated with shearing motion, and the coefficient of viscosity u of a 
homogeneous medium is defined by the equation S=y ds/dt, in which 
ds/dt is the time rate of shearing strain and S the contribution of tHe 
viscous forces to the corresponding shearing stress. It is now desired to 
find the way in which these viscous stresses modify the equations of 
propagation of a longitudinal sound wave in the medium. 

If the coordinate axes coincide with the principal axes of strain, the 
components of elastic stress accompanying displacements u, v7, w, in an 
isotropic medium are given by expressions of the type,” 


On 1 
P= ki+2n{ ———5} , etc., 
Ox 3 


Ou Ov dw 


Ox oy as 


! Stokes, Camb. Phil. Soc. Trans. 7, 287 (1845); Math. and Phys. Papers I, p. 75. 
* Rayleigh, Theory of Sound, II, p. 313. 


where 
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It will be observed that, in these equations, the bulk modulus & appears 
only as a coefficient of a dilatation and the modulus of rigidity ” only as a 
coefficient of shears. Hence, on Stokes’ assumptions, if the coefficient 
n be replaced by the operator (+ 0/ dt) the contributions of the viscous 
forces to the total stress will be fully taken into account.* Accordingly, 
the principle stresses in an isotropic viscous medium will be given by 


Ou 1 0 Ou 1 
P=kb+2n{ ———6 }+2p ——-64§ 
Ox 3 Oi \ax . 
ov ra] Ov 
O= b+ 2n( 6} 4+-2u ( 
Oy ; di \ey 
Ou ra] Ow 
R= kit+ 2n( _ Mm ( 
Os Ot \dz 


The equations of motion in the medium may now be written in the form, 


Ou OP 


or ax 


the expressions 


p 


ov 300 
p = oo 
ce a Y 
Ow OR 
pe ee 


or" Oz 
The boundary conditions appropriate to the propagation of a longi- 
tudinal wave along a slender bar whose axis lies parallel to X are that the 
resultant elastic and viscous stresses parallel to Y and Z be separately 
equal to zero. These conditions applied to Eqs. (2) and (3) yield the 
relations 
v 
Ov 
ov 
ay 3? 


Oydt ddl 


o 
oxdt 


where ¢ is Poisson's ratio. Thus the resultant longitudinal stress in the 
bar is given by 
du 4 ou 4 O°u 


P=k(1—20)—+—(1+0)n—+—(1+0)u — : (6) 
Ox 3 Ox 3 Oxdt 


* Ibbetson, Mathematical Theory of Elasticity, p. 494 
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A physical interpretation of this analysis shows that the type of strain 
associated with longitudinal vibrations in a slender bar is an elongation 
of amount 0u/dx per unit length accompanied by a lateral contraction of 
amount ¢ 0u/d0x per unit length. Sucha strain involves two simple shears 
each of amount (2/3)(1+0)du/dx in mutually perpendicular planes at 
angles of 45° with the direction of elongation. Phenomena resulting from 
the viscous forces called into play by these shearing motions form the 
subject of the present investigation. 

If the values of P, QO, and R given by Eqs. (5) and (6) be now sub- 
stituted in Eqs. (4) these become 


d*u du 4 d*u 
=G—+-(1+o).——, 
dx? 3 dx*dt* 


gon 
di? 
dy 


e— = 0, 
dt® 


d*w P 
wT 
where G is Young’s modulus. 

Due to the finite cross section of the bar the boundary conditions 
assumed in the derivation of Eq. (7) are not exact. Lateral stress and 
consequent lateral motion will exist. In physical terms, the inertia 
associated with this tateral motion will produce a decrease in the effective 
value of a, the ratio of lateral contraction to longitudinal extension in the 
bar. In an argument based on energy considerations, Rayleigh has 
shown that the effect of lateral motion in a circular bar of radius r and 
length / is to increase its natural period T in the ratio 7/7’ =1/(1+A4/2), 
where A=m?x’o"r?/27, and m is the number of half waves in the bar. 
Thus, since G=2(1+¢)n, 


and the effect of neglecting the modification in the viscous stress due to 
the inertia of the lateral motion will be to make the u calculated from 
Eq. (7) too low by an amount uwA. In the present experiments this correc- 
tion is less than the experimental error. 


B. APPARATUS 


1. THE VIBRATING SYSTEM 


Fig. 1 is a diagram of the vibrating system used throughout these 
experiments. A piece of piezo-electric quartz 2 in. long, 1 in. wide, and 
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3/16 in. thick is cemented with a very thin layer of hard shellac, softened 
by heating, to one end of a bar of the material under investigation having 
the same breadth and thickness. The slab of quartz is so cut from the 
crystal that the optic axis lies parallel to Y and an electric axis parallel 
to Z. Thin sheets of tinfoil are pasted on the X-¥Y faces of the quartz. 
If a sinusoidal potential difference be established between these sheets of 
tinfoil a pressure strictly proportional to the potential difference will be 
developed in the quartz,‘ and this pressure will be communicated across 
the boundary to the bar. In this manner it is possible to set up in the bar 


longitudinal vibrations of great purity. 


iY 


! 
| 
x=-l x40 





QUARTZ 














- 


- 
- 


‘=. 
Fig. 1. The vibrating system. 


The following mathematical analysis of the vibrating system is based 
upon certain assumptions, namely: 

1. The effect of the shellac cement is negligible. The experimental 
results justify this assumption. 

2. The effect of dissipation through radiation into the surrounding air 
is negligible. This follows both experimentally and from a theoretical 
development in which radiation is included. 

3. The effect of viscosity in the quartz is negligible. Unpublished 
results on the dissipation in vibrating quartz plates obtained in this 
laboratory by C. G. Stone indicate that the viscous coefficient of quartz 
is extremely small. The validity of this assumption is further experi- 
mentally verified in what follows. The equation of propagation of a 
plane wave of sound in the quartz is accordingly 
d*u d*u 
—=V)2— (8) 
dt* dx? 
in which wu is the particle displacement and V; is defined by the equation 
V2o= /G2, pe, where Gs is Young’s modulus for quartz and py its density. 

The present experimental method demands an expression relating the 
particle velocity at the end of the bar with the frequency of excitation of 


* W. G. Cady, Proc. Inst. Radio Eng. 10, 83 (1922). 
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the system. If the potential difference E impressed on the quartz is of 
the form 

E=Eve'™ , 
it follows that the piezo-electric pressure II developed in the quartz may 
be represented by the equation 

IL =IIpe'"* . 


The amplitude of vibration at all points in the system will vary harmon- 
ically with the time and 


u=A get (met haz) 4 A gf ei(nt kyr) 
will be a solution of Eq. (8) giving the motion in the quartz provided that 
ka=n/Vs. 


Similarly 
u=A jeintt (a+ iki 24+ 4 ein! ~(atik,)z (9) 


will be a solution of Eq. (7) giving the motion in the bar provided that 


2 wy! 


3p Vy 
ky = 


, = 


im 


and 16 n*u’?/9p,?V;* is small compared with unity. The constants A, 
A,’, and A», A’ are evaluated with the aid of the equations expressing 
the continuity of pressure and velocity at the boundaries. Thus at 
x=-l, 

G:|du/dx|.+II=0 ; 
and at x=0, 


4 
G:|du/dx|,+l1=G, [du/dx}+—y' [du dxdt|,, 


and 


(du/dt|.=[du/dt}, ; 
and atx=L, 


4 ; 
iH [d?°u/dxdt],+G,[du/dx],=0, 


where the subscripts 1 and 2 refer to conditions in the bar and quartz 
respectively. The values of A;, and A,’ obtained from these equations 
are substituted in Eq. (9), which then constitutes a complete solution for 
the motion in the bar. Thus it readily follows that 


\Vol?=Io2{ cos y—1}*/ [{ Vitp:2cos*y+V2%p2’sin?y} { cosh*s —sin*(w—8) | 
+3n(V2/V:)pq’sin y cos y sin h2z] (10 
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where ) =the amplitude of the particle velocity at the end of the bar, 
w=nL/V,, y=nl/Ve, 


2 eL Vipicos v 
ae, 7? 
3 pV} Vopesin vy 
Since s is of the order of 10~° the hyperbolic functions may be replaced 
by their series expansions and the third and higher powers of 2 discarded. 


When this is done Eq. (10) becomes 


> do» 
II9?} cos Vv -1; 


; V°p,2cos? v4 Vo2p.’sin?y! [40472 Op,°V 4° AK \u"?+cos*(w )! 


(11) 
Sn*Vepel. sin vy cos ¥ 
where A 


9piV44} Vpicos*y 4 V22p.*sin? y} 
In this expression all the terms on the right hand side except u’ and I, 
are known. 

The observations recorded below were all taken for frequencies between 
37 and 60 kiloeyeles, while the resonance curves themselves are only 
about 100 cycles wide. It follows that as the frequency is varied in the 
neighborhood of a resonance point the term in yw” remains sensibly 
constant. Resonance will therefore occur when cos (w#—8) is a minimum, 
i.e., when 


w—8) =(mx—Anr) . 


where m is the number of half waves in the bar. This gives the following 


relation between 1,, L and the resonance frequencies of the system, viz., 
2foL Viy=m+6. (12) 


where fy= a resonance frequency, 


’ : » 1 
and 7@—/ Ts. 


THE POWER SE1 


Fig. 2 is a diagram of the oscillating circuit supplying power to the 
vibrating system. The vacuum tube is a 250 watt General Electric Co. 
type P pliotron. £ is a standard Kelvin electrostatic voltmeter, and C, 
a vernier condenser. The set is capable of producing a very pure sinu- 
soidal voltage across the quartz ranging in value from 1 to 5 kilovolts and 
in frequency from 35 to 65 kilocycles. The voltage is regulated by vary- 


ing the current in the field coils of the generator. 
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3. THe VIBRATION INDICATOR 


Variations in the particle velocity at the end of the bar are measured 
by observing the torque on a Rayleigh disk suspended by a fine quartz 
fiber in the air immediately off the end of the bar. 




















Fig. 2. The power circuit. 
Fig. 3 is a schematic diagram of this apparatus viewed from above. 


The Rayleigh disk, 0.2 cm in diameter and 0.005 cm thick, is stamped 
with adie from a sheet of aluminum and mounted on the tip of a fine glass 


- — 














L 5 


Fig. 3. Schematic diagram of the vibration-meter. 


staff. Near the top of the staff are placed two mirrors, back to back. One 
of these carries a small magnet. The whole is hung so that the disk comes 
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about 0.2 cm from the center of the end of the bar, which fills an aperture 
in the plane surface PP’. The whole apparatus is in a space in which the 
earth’s magnetic field has been carefully neutralized by coils not shown in 
the figure. The plane of the disk is adjusted to make an angle of 45° 
with the surface PP’. In this position a spot of light reflected from one 
of the mirrors falls upon a fiducial mark on a scale. 

When the bar is in vibration there is a torque on the disk tending to 
set it parallel to PP’, due to the vibration of the air in which it is situated. 
The moving system is returned to its original position by balancing this 
torque with an equal and opposite magnetic torque produced by sending 
a suitable current through a pair of Helmholtz coils, 77; and J/,, Fig. 3. 
When a balance is obtained, as indicated by the position of the spot of light, 
the vibration torque will be proportional to the current in the coils, which 
is then read froma milliammeter. The magnitude of the vibration torque 
is proportional to the square of the velocity of the air about the disk.® 
It is assumed that the motion of the air at the disk follows that of the end 
of the bar. It therefore follows that the currents observed on the milli- 
ammeter should vary with the frequency of excitation of the vibrating 
system in accordance with the relation expressed by the right hand 
member of Eq. (11). The theoretical working formula of the instrument 
is, therefore, 


E"\cos y—1}? 


, me —, (13) 


'Vs2p:2costy+Ve%porsinty | | [4n4L2/9p,2V 5+ K |y’?+-cos*(@w—B) } 


where 7 = torque in milliamperes, 
i’ =root mean squared voltage applied to quartz, 
=a constant. 
The constant ¢ includes the piezo-electric constant of the quartz and the 
ratio between the mean squared velocity of the end of the bar and the 
corresponding torque in milliamperes on the Rayleigh disk. 

If the prolongation of the glass staff does not pass through the center 
of the disk there will be another torque on the disk due to the radiation 
pressure of the sound. To eliminate this it is necessary to take another 
series of observations with the disk rotated through 180°. This procedure 
reverses the radiation torque and leaves the velocity torque unchanged. 
The reversal of the moving system is accomplished by means of a tem- 
porary magnetic field in the two small coils NV, and .Vs, which are mounted 
to rotate by hand about a vertical axis. The present disk gives identical 


results in both positions. 


> Rayleigh, op. cit.2 II, p. 44. 
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4. Tne DIFFERENTIAL FREQUENCY-METER 


Changes in the frequency of excitation of the vibrating system in the 
neighborhood of a resonance point are measured by adjusting the note 
from a calibrated audio-frequency oscillator to consonance with the beat 
frequency obtained by coupling the power set to a small oscillator whose 
frequency is maintained constant. 

Fig. 4 is a diagram of the circuits employed. Circuit I is an oscillator 
designed to supply a very constant frequency differing by about 2500 
cycles from that of the power set. Both these frequencies are impressed 
on the grid of the detector tube II, which rectifies the 2500 cycle beat 
note. This beat note from circuit II is, in turn, mixed with an audio- 
frequency note from circuit IV and impressed on the grid of tube ITI, to 
which is connected a loud speaking telephone. 








TO POWER StT 


oasis 


I 


Fig. 4. The differential frequency-meter circuit. 








The audio-oscillator IV has been accurately calibrated by comparing 
its note with that from a siren. C,is a vernier condenser which will vary 
the frequency about 300 cycles in 2500. <A scale on C, indicates directly 
the difference between the (audio) frequency corresponding to any 
setting on C, and the frequency when C, is 0. 

It follows that any small change in the frequency of the power set will 
be given at once by the difference in the scale readings on C, correspond- 
ing to values of C, which produce consonance between the audio note and 


the beat note. As consonance may readily be determined to better than 


one beat per second, the apparatus measures a change in frequency of the 
power set of one part in 50,000. 


5. METHOD OF MANIPULATION 
The operation of making a complete run on a specimen bar is as 
follows: 
1. The vibrating system, having been prepared as described above, is 
suspended in position by fine threads and grounded to prevent stray 
charges from affecting the disk. 
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2. The earth’s magnetic field is carefully neutralized so that the Ray- 
leigh disk swings under the negligible torque of the fine quartz fiber. 
The disk is then conveniently held in position by a current in the rotating 
coils. 

3. A resonance frequency is selected by varying C; (Fig. 2). Ce is 
then adjusted until the system is vibrating on the lower portion of the 
resonance curve. 

4. (, (Fig. 4) is set at 0 and C; adjusted for consonance between the 
audio and beat notes. 

5. The vibrating system is carried back and forth through resonance 
by varying Ce, torques being observed on the milliammeter and corre- 
sponding frequency differences on the condenser C4. 

6. The absolute resonance frequency is measured with a precision of 
1/4 per cent on a wave meter especially calibrated by the U. S. Bureau 
of Standards. 

C. RESULTS 


The method just described offers two points of attack in the verifica- 
tion of Eq. (11), namely, (a) comparison of the observed harmonic re- 
sonance frequencies with those calculated using Eq. (12), and (b) compar- 
ison of the experimental resonance curves with those given by Eq. (13). 


1. HARMONIC RESONANCE FREQUENCIES 


I-q. (12) predicts the harmonic resonance frequencies of the vibrating 
system with great precision. The method of using this equation was to 
calculate V,, the velocity of sound in the medium, using the observed 
values of fp and L and the computed value of 6. For calculating 6 suf- 
ficiently good values of V, were obtained by setting 6=0 in Eq. (12), and 
of 1. by vibrating the quartz by itself. V, should, of course, remain 
constant irrespective of the value of fy and L. 

The results are shown in Table I. 


TABLE I 








Material to m+6 





Glass 7. 39 020 13.265 .718 X10* cm/sec. 
41,720 14.215 .706 
44,480 15.142 Bj} 
Aluminum : 37 ,400 13.308 5.059 
40 , 230 14.258 5.079 
45,550 16. .077 


Copper 91.67 43 920 22. .647 
58.14 44/250 655 
24.60 45 ,000 ! 646 
24.60* 41 ,900* .606* 





* Made with a piece of quartz 1 inch long. 
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Used simply as a means for determining the velocity of sound in solid 
media the precision of the method is seen to be limited only by that of the 
device used for measuring the absolute resonance frequency. 


2. THe RESONANCE CURVES 


Resonance curves typical of the large number observed are shown in 
Fig. 5. The points are experimental and the solid lines are graphs of 
Eq. (13). 




















SS nee 
Fig. 5. 
Resonance curves of vibrating bars. 
Curve Material L fo 
A Copper 24.6cm 45 ,000 1400 volts 
B Copper 91. 43 ,920 2200 
Cc Annealed copper 24. 45 ,000 2000 
D Glass 97. 39 ,020 2000 
E Glass 97. 44,480 1500 
F Aluminum 90.0 45,550 1400 


The scale of ordinates for curve F is double that for the others. 
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It is not possible to obtain points on the higher parts of the curves 
since the curves in this region are extremely steep. A very small fluctua- 
tion in the frequency of the power set results in a large increase in the 
amplitude of vibration and a correspondingly large increase in the piezo- 
electric reaction of the vibrating quartz on the power set. This, in turn, 
produces a further change in frequency. The result is that, in passing 
through resonance, when the curve reaches a certain steepness the 
electro-mechanical system becomes unstable and the frequency jumps 
abruptly to some point on the other branch of the curve. 

The process of expressing the experimental data in the form of Eq. (13) 
involves the determination of the two arbitrary constants c and yp’. 
These are evidently mutually independent. The observed values of c 
proved to be constant within a few per cent as long as the bar was left 
undisturbed in its position relative to the disk. The values of u’ were 
reproducible under all circumstances. 

The average values of u’ = (1+¢)u for the materials investigated are as 
follows: 

Aluminum .... pw’ = 545+4¢. g. s. units 
Copper ...... mw’ =2880+46 
Glass....... p’=2440453 


The glass strip was cut from a plate of automobile windshield glass and 
had a specific gravity of 2.52. The aluminum was sawed from a piece of 
commercial sheet aluminum having a specific gravity of 2.63. The copper 
came in the form of hard drawn copper bar having a specific gravity 
of 8.85. 

In order to verify the assumption that any dissipation in the quartz is 
negligible, experiments were made on eight copper bars varying in length 
from 91.67 cm to 24.60 cm. The resulting values of u’ showed no sys- 
tematic variation. 

Curve C (Fig. 5) was obtained from the same bar as Curve A after the 
copper had been annealed by heating to a cherry red and plunging into 
water. The indicated shift of the resonance frequency is not significant 


as the curves were superimposed arbitrarily. Curves taken on a long 


annealed copper bar and on a bar of fine silver show the same charac- 
teristics. It is impossible to represent the observations on these sub- 
stances by means of Eq. (13). In addition to the change in the shape of 
the curves, the harmonic frequencies of these bars did not follow Eq. (12) 
but fell off consistently from the calculated values as the frequency in- 
creased. 
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D. Discussion 


The results obtained with aluminum, hard drawn copper, and glass 
indicate that the equation of Stokes accurately expresses the propagation 
of sound in a solid medium for which the coefficient of viscosity is com- 
paratively small. When substances of greater viscosity are examined, 
marked discrepancies appear. Now it will be recalled that the assump- 
tions upon which Stokes’ development is based are first, that Hooke’s 
law is obeyed in the medium, and second, that the viscous forces vary as 
the first power of the relative particle velocity. For the amplitudes of 
vibration obtained in the experiments now under review (about 10~° cm) 
the first assumption probably remains valid. It seems likely, however, 
that, as the viscosity of the medium increases dissipative forces appear 
which vary according to higher powers of the velocity of strain. 

The tangential and normal coefficients of viscosity of various solids 
have been measured by other investigators using methods radically 
different from that here described. In these researches the tangential 
coefficient of viscosity is obtained by observing the logarithmic decre- 
ment of a torsion pendulum, the elastic member of which is a fine wire of 
the material under examination.® The normal coefficient of viscosity is 
calculated from the logarithmic decrement of a pendulum consisting of a 
lat strip of material clamped at the upper end and loaded at the lower 
end.’ The strains in the medium are of the same order of magnitude as 
those produced in this investigation. The periods of vibration, however, 
are of the order of 1 second. The values for the coefficients obtained by 
these methods are uniformly of the order of 10° c.g.s. units, to which 
must be compared the values of the order of 10* c.g.s. units given above. 
The magnitude of the difference between these figures indicates that the 
two widely different methods of investigation employed have, in fact, 
dealt with two entirely different phenomena. Indeed, it can readily be 
shown that if the coefficient of viscosity for sound vibrations of a metallic 
bar were of the order of 10° the bar would be wholly incapable of sustained 
vibration. The motion would be aperiodic. In accord with this view 
two suggestions appear worthy of notice. 

The first deals with the period of vibration. It is possible that a slow 
bending or twisting of a substance in which the elastic limit is not ex- 
ceeded nevertheless produces minute irreversible changes in its internal 


°C. E. Guye and others, Arch. des Sciences 26, 136 (1908); 29, 289 (1910); 30, 
133 (1911); Journ. de Phys. 1912, p. 620. 
lokibe and Sakai, Phil. Mag. 42, 397 (1921). 
* Honda and Konno, Phil. Mag. 42, 115 (1921). 
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structure accompanied by loss of mechanical energy. If the time re- 
quired to produce such changes was of the order of a second, a possible 
explanation might be found for the apparent difference in response of the 
medium to rapid and to slow vibration.* The second suggestion deals 
with the method of support of the specimen. In the pendulum experi- 
ments the specimen was clamped rigidly at one end. This introduces the 
possibility of losses of energy in the medium near the point of attachment 
which are not contemplated in the theoretical treatment of the pendulum. 
Boudouard® has shown that a large part of the effect of the viscosity of 
the medium is, in fact, localized in a region very near the point of support. 
Boudouard experimented with thin strips of iron about 25 cm long 
clamped in a vise at one end and excited to transverse vibration at 30 
cycles per second by means of an electromagnet. The strains produced 
in this way were kept well below the elastic limit of the iron. In spite of 
this the strips broke in two after a period of excitation which varied from 
five minutes to fourteen hours according to the carbon content and heat 
treatment of the specimen. The break invariably occurred near the point 
of support and the broken material showed striations. 

In the opinion of the writer a satisfactory solution of the problem 
demands the development of a method for measuring the coefficient of 
viscosity of solids which will not necessitate clamping the specimen and 
which will operate continuously over the range of frequencies between 
1 and 100 cycles per second. The industrial importance of this problem 
has been dealt with in a paper by Henry Le Chatelier.’ 

In conclusion, attention is directed to the fact that the apparatus 
developed in this research is capable of measuring a change in the elastic 
coefficient of a freely suspended solid of one hundredth of one per cent. 
Irrespective of the shape of the resonance curves, a change in the re- 
sonance frequency of the vibrating system of 2 cycles in 50,000, or 0.004 
per cent, can be measured. Since f% varies as the elasticity it follows that 
a change in the elastic coefficient of 0.008 per cent will produce a measur- 
able change in fy. The method may be used safely up to a temperature 
of 80°C, above which there is danger of softening the shellac cement 
between quartz and bar. As an example of this application of the 
apparatus, it may be noted that a change in resonance frequency of 23 


cycles in 44,000 was observed when an iron bar was placed in a longi- 


* When a specimen of iron is magnetized it is known that marked changes in the 
internal structure of the iron persist for several seconds after the application of the 
magnetizing field. 

5’ Boudouard, Comptes Rendus 150, 696 (1910); 152, 45 (1912). 

* H. Le Chatelier, Revue de Metallurgie 1909, p. 888. 
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tudinal magnetic field. Further researches on the relation between 
magnetization and elasticity are in progress in this laboratory. 

The writer wishes to express his appreciation of the kindness of Pro- 
fessor J. H. Morecroft, who loaned from his laboratory the high power 
oscillator and the excellent piece of quartz used in these experiments, 
and to acknowledge his indebtedness to Professor A. P. Wills, whose 
counsel and encouragement have been of much help in the course of this 


research. 


DEPARTMENT OF PHYSICS, 
COLUMBIA UNIVERSITY, 
December 5, 1924. 
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Space and Time. By Cart BeNepicks.—Professor Benedicks examines in this 
book the need, as evidenced by tke results of experiment, of the theory of relativity. 
Unsympathetic with Einstein's postulate, he prefers to adopt as an explanation of the 
Michelson-Morley experiment the assumption that the light emitted by a luminous 
body partakes of the velocity of the source. In the minds of most physicists this hypoth- 
esis has been ruled out by De Sitter’s investigation of the motions of double stars. 
However Professor Benedicks is of the opinion that De Sitter’s conclusions will not 
bear analysis, and cites the criticism of Freundlich. Of course the acceptance of the 
hypothesis that light partakes of the velocity of the source makes untenable the idea of 
an ether. Hence it is not surprising to find that the author is very partial to the sug- 
gestion of W. Ritz that a charged particle is the source of discontinuities emitted with 
the velocity of light and that these discontinuities constitute its field. Apparently he is 
unaware of the fact that ten years ago this suggestion was perfected into a theorv which 
gives a complete and exact kinematical representation of the electromagnetic equations. 
The emission theory of electromagnetism, however, would probably not be satisfactory 
to him in that it is based on the very thing he is trying to avoid, that is, the Lorentz 
transformation. He should give more weight, though, to the close connection existing 
between the restricted relativity and the well-established laws of electromagnetism. 
To the student of electromagnetic phenomena, from whatever point of view the subject 
may be approached, this very intimate relationship is far more convincing evidence of 
the validity of the Lorentz transformation than even the Michelson-Morley experiment 
itself. 

Professor Benedicks proposes a mechanical method for synchron zing two clocks at 
a distance from one another. He would have the two connected by a very rigid rod 
so that, as the hands of one turn, the rod would force the hands of the other to turn in 
time with it. Suppose two such connected clocks A and B to be situated in inertial system 
S, and another pair C and D in inertial system S’, and suppose that C is passing A 
when the time recorded on A is zero, and D is passing B when the time recorded on B 
is zero. Then Professor Benedicks seems to infer that if the reading on C is zero when it 
is passing A, the reading on D will also be zero when it is passing B. If he could perform 
the experiment, giving the pair of clocks C and D a velocity relative to S comparable 
to the velocity of light, he might be surprised to find that his inference was not borne 
out by the facts! For the relativity theory makes no distinction between this method 
of synchronizing time pieces and the method in which light signals are employed. Indeed 
the relativity theory is far more a theory of the nature of matter than of time and 
space.—Pp. vi+98, E. P. Dutton and Company, New York. $2.00. LEIGH PAGE 


Clerk Maxwell’s Electromagnetic Theory. By H. A. Lorentz.—In these days of 
uncertainty and confusion when quantum phenomena are throwing suspicion on even 
the wave theory of light, it is refreshing to recall the beautifully simple theory by which 
Maxwell brought order into the similar state of affairs which existed fifty years ago. 
In this earlier period the difficulties encountered centered on attempts to attribute to the 
ether the properties possessed by material media. Even the simple problem of reflection 
and refraction at the surface of a transparent isotropic medium showed how incapable 
was Green’s elastic solid theory of explaining the phenomena observed. Not only did 
uncertainty exist in the case where the ethereal vibrations are perpendicular to the plane 
of incidence as to whether Fresnel’s assumption of equal elasticities and differing densi- 
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ties or Neumann's hypothesis of unequal rigidities and constant density was the right 
one to make, but in the case of vibrations in the plane of incidence, it was found impos- 
sible to satisfy the boundary conditions without introducing irrotational waves. Max- 
well’s theory dispelled all doubt and led directly to results in accord with observation. 
No one can speak more authoritatively of Maxwell's theory than Professor Lorentz. 
While we still speak of the equations of electromagnetism as ‘‘Maxwell’s equations,” 
the form in which we use them is that in which they were put by Lorentz. Maxwell's 
treatise, while it established a new era, lacks the unity of treatment which Lorentz was 
able to supply later on. 
The contents of this monograph constitute the Rede lecture delivered by the author 
in 1923. While the subject is treated in popular form, it is well worth the attention of the 
physicist.—Pp. 35, Cambridge University Press, 1923. LEIGH PAGE 


The Atom and the Bohr Theory of its Structure. By H. A. Kramers and H. Hoist 
(Translated into English from the Danish).—This book gives an unusually clear and 
accurate popular account of the Bohr theory accompanied by a long introductory 
discussion of the atomic and optical conceptions out of which the theory grew. It is 
difficult for a physicist to judge such a translation of scientific theory into non-technical 
language, but the presentation of the new conceptions in their historical setting is 
clearly a great merit. Unfortunately the volume is more solid than attractive. The style 
lacks the racy flavor which makes Bertrand Russell's “‘A B C of Atoms” such delightful 
Sunday afternoon reading and if the use of cuts from old textbooks is not objectionable 
to the serious-minded scientific inquirers of Denmark, it can hardly fail to dampen the 
enthusiasm of the average American reader.—12 mo. pp. 210. Gyldendal, London, and 
Knopf, New York. 10/6 and $4.00. Epwin C. KEMBLE 


La Structure des Cristaux. By Cu. MauGuin.—This compilation by Professor 


Mauguin makes interesting and profitable reading. After a few general statements 
about crystals, the author gives an elementary discussion of crystal lattices and x-ray 
diffraction from the standpoint of vector analysis. Then he takes up the Laue experi- 
ments. This is followed by a discussion of the Bragg experiments and the Bragg method 
of crystal analysis, which includes a very good resumé of the theory of crystal symmetry 
and of structure-factor. The seventh chapter deals with the powder method and a 
discussion of the relation of interplanar distances to Miller indices for the tetragonal 
and hexagonal systems of crystals. The next three chapters give an idea of the im- 
portance of crystal structure studies to our ordinary ideas of atomic physics and chemis- 
try. The topics include (1) Bragg’s work on atomic dimensions, (2) the effect of atomic 
structure on the intensity of the diffracted beam, and (3) the various types of chemical 
combination. The rest of the book is devoted to a discussion of the typical crystal 
lattices. Each chapter is followed by a bibliography. 

The text is so excellent that one could wish that more care had been taken with the 
illustrations of the various crystal lattices. For instance, Fig. 20 makes the NaCl 
structure look more like a tetragonal than a cubic structure. Figs. 57 and 59 hardly look 
at first sight like real hexagonal prisms, and in Figs. 59, 67 and 95 the atoms, which 
should be at the body-centers of the unit triangular prisms, are shown in contact with 
the prism faces. Since the book is intended for reference, one could wish for a better 
binding. The ‘‘cloth"’ facing on the cover is really a paper ersatz which tears easily. 
Yet in spite of this, and in spite of a few of the illustrations, the book is well worth 
having and well worth reading because of the high quality of the text.—Pp. 281, figs. 125, 
la Societé Journal de Physique, 1924. WHEELER P. Davey 
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Die Zustandsgleichung von Gasen und Fliissigkeiten, mit besonderer Beriic-k 
sichtigung der Verinderlichkeit der Werte von a und b, des Kritischen Zustandes und 
der Theorie der Dampfspannungkurven. By J. J. VAN LAAR.—This book contains in 
systematic form the material on the equation of state which the author has published in 
various journals, some of them not easily accessible, during the last 30 years. Aside 
from the theoretical discussion, the book contains an enormous mass of numerical data 
for a great number of substances, which will be found very convenient for reference. 

The starting point of the whole discussion is the equation of van der Waals, 


(p+a/v*)(v—b) =RT, 


in which it is recognized, however, that a and 6 must vary with both temperature and 
volume. The distinguishing feature of this treatment is that means have been found, 
partly theoretical and partly empirical, for assigning variations to a and 6b which are 
at once simple and applicable to all substances. It appears that usually the variation 
with temperature of a and } can be neglected, and that 6 is a strong volume function, 
expressible in simple algebraic form. 

The first chapter is devoted to testing for a large number of substances the adequacy 
of this representation of a and b. The checks extend from the ordinary gaseous range 
to the behavior of liquids under the highest experimental pressure. It is my opinion, 
however, that the equation will not be found to be so successful in the region of small 
volumes (high pressures) as near the critical point. Thus on page 17 will be found a 
value for the limiting volume of hydrogen under infinite pressure which is greater than 
the experimental value under 13000 kg/cm*(p. 356). 

The second chapter, entitled ‘‘The Critical Condition,’ 


’ 


is devoted in large part to 


a discussion of the additive properties of b (suggested before) and /a (first found by 
van Laar). This means that b and \/a can be handled in the same way as the atomic 
refraction constants; this is very surprising, particularly for ./a, and merits careful 


theoretical attention. This additive property is checked numerically for a large number 
of substances. 

The third chapter is devoted to deducing from the equation of state an equation for 
the vapor-pressure curve, and testing this for many substances. It is especially em- 
phasized that the ‘third law’’ of thermodynamics is not necessary. Of special interest 
are the applications to the elements, and the deduction of the most probable critical 
data for a number of metals from their vapor-pressure curves in the accessible range of 
pressure and temperature. The great difference between the ‘residual’ attraction 
(proportional to \/@) of an atom when partially saturated in a molecule and when in the 
monatomic state, is a striking result of the analysis. 

A short final chapter discusses the experimental validity of the law of the rectilinear 
diameter, which has been assumed in the deduction. 

With regard to the general method of attack and presentation, one might have 
preferred a !ess formal and a more mechanistic view-point. What, for instance, is the 
significance in terms of our present ideas of the structure of the atom, of the additivity of 
band \/a? What information about the law of force between atoms and ifs variation 
with distance is given by the numerical values of a? How do the numerical values of } 
check with what we expect on other grounds? Finally, a discussion would be welcome 
of the probable range of validity of the virial method of attack which, as used by van 
Laar, assumes central forces, functions only of the distance apart of the centers. This 
cannot be strictly true in a molecule, built up of individual atoms, or even for a single 
atom, as proved by the mere existence of crystals.—Pp. v +368, 16 24cm. Leopold 
Voss, Leipzig, 1924. Unbound, $3.45; bound, $3.96. P. W. BRIDGMAN 
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Hel mholtz’s Treatise on Physiological Optics. Volume I, The Anatomy and Dioptrics 
ofthe Eye. Translated from the third German edition. Edited by Pror. James P. 
(, SOUTHALL, 


Helmholtz’s great work on physiological optics originally appeared as a single volume 
in three parts completed in 1856, 1860 and 1866. These were planned, he states, as parts 
of an encyclopedia, presumably to cover the general field of the sense organs . His was 
the first attempt at a comprehensive treatment of the subject for which the material 
was then widely scattered and rather inadequate. He wrote as a skilled anatomist, 
physicist and psychologist, briefly covering all three phases of the subject in a manner 
to appeal about equally to all three classes of readers. A second edition edited by Arthur 
KGnig and containing much new material contributed by him appeared about 1896. 

\ third edition in three volumes was undertaken by Nagel in 1909, one volume of 
which (the second) was completed after Nagel’s death by v. Kries in 1911, The third 
edition reproduces word for word the text of the first edition but with the addition of 
numerous supplements, some prepared by Helmholtz himself for the second edition, 
others written by the editors expressly for the third edition. Supplements contributed 
by Gullstrand comprise nearly half the first volume. It is this highly composite third 
(;erman edition which forms the basis of the English translation prepared by the Optical 
Society of America. To the original text have been added a forty page translation of an 
irticle on ophthalmoscopy by Gullstrand, a number of especially prepared contributions 
and numerous notes and references by the American translators. 

The lasting value and great charm of the writings of Helmholtz are to be attributed 
to his breadth of view, his powerful grasp of detail and interpretation and to the sound- 
ness of his judgment. Having himself contributed so largely in this field and having 
repeated many of the experiments of others, he writes with a wealth of significant detail 
In dealing with controversial matters, he states each theory fairly, reviews all the 
evidence with extreme care and then states his own conclusion, which one feels to be 
quite free from bias. Although unable in many cases to reach final conclusions, he is 
ilways interesting and invariably right as far as he goes. His own great personal con- 
tribution in this field, the invention of the ophthalmoscope, is treated but briefly and 
modestly. The difficult task of translation has been remarkably well done, without ioss 
of the detail and charm of the original. 

Gullstrand’s 200 page treatment of the dioptrics of the eye covers much the same 
ground but enlarges on the imperfections and aberrations of the visual system and their 
determination by the various methods of ophthalmoscopy. He is brisk, breezy and 
modern. He deserves great credit for developing the curvature method of treating lens 
systems and light bundles (long previously advocated by others) and for improvements 
in ophthalmoscopy. A translation of his masterly discussion will be of great service. 

However satisfactory to the opthalmologist, the physicist and perhaps others will 
sense a lack in this volume of standard reference data on the properties of the average 
normal human eye. A set of standard data on the seven third order aberrations of the 
retinal image, with laboratory methods for determining them, such as were so well 
worked out by Adelbert Ames; practical working data on resolving power; relations 
between retinal illumination, diameter of pupil and field brightness; these and many 
similar data should properly be included in such a treatise to give it the widest usefulness. 

We have at hand abundant material for a series of up-to-date monographs covering 
vision from every angle; anatomy, histology, pathology, geometrical optics, imagery, 
sensitometry, psychology, art, visual efficiency and conservation. We have many 
writers competent to deal adequately with each of these subjects. It was one of the 
primary objectives in the founding of the Optical Society to foster such production in all 
branches of optics. But it has been difficult to get started partly for lack of just such base 
ines and reference planes as this translation of Helmholtz. As the editor so well says, 
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“Certainly the very existence of this work in English should lead to new treatises and 
new text books which are so sorely needed at present.”—Pp. XXIV+482. Published 
by the Optical Society of America, and to be obtained from the Secretary, F. K. Richt- 
meyer, Cornell University. $7. P. G. NUTTING 


Helmholtz’s Treatise on Physiological Optics. Volume II, The Sensations Of Vision. 
Translated from the third German edition. Edited by Pror. JAMEs P. C. SOUTHALL, 


This second volume of the Optical Society’s translation of the third edition of Helm- 
holtz’s Handbuch der Physiologischen Optik covers the various phases of the reaction 
of the retina to light; the effects of the intensity, quality and duration of the stimulus 
on the sensation, after-images and contrast. A 70-page appendix by Nagel deals with 
adaptation and its relations to the theory of rod and cone vision. A similar appendix 
by von Kries reviews various theories of color vision. In the final chapter Ladd-Franklin 
gives a brief outline of her theory of color vision written especially for this translation. 
A ten-page bibliography of recent literature of the subject (1911-1924) closes the volume. 

The treatment of this subject is of necessity largely descriptive and deductive. We 
cannot get at the retina to see why and how it reacts to light. If we could, the effective 
details of the rods and cones are too minute to be resolved by the most powerful micro- 
scope and the chemical changes involve but hundredths, perhaps thousandths of a 
milligram. Measuring the electrical response of an enucleated retina to light shows some- 
thing, but the voltage developed cannot be identified with the sensation. The straight- 
forward physical method of a direct comparison between stimulus and sensation en- 
counters the difficulty of measuring sensations. However, minimum differences in sensa- 
tion are readily measurable, as are also thresholds and glare limits, and since sensitivity 
is the derivative of sensation with respect to stimulus, sensation as a function of stimulus 
(light) may be readily obtained. Such sensation curves awd scales have been determined 
by physicists in great numbers during recent years. An extensive summary of them was 
published by the Optical Society in 1920 (J.0.S.A. March 1920). 

But however satisfactory to the physicist and illuminating engineer, such quantita- 
tive relationships bet ween sensation and stimulus are of little interest to the physiologist, 
psychologist or to the artist. The physiologist is interested in structural details and their 
modification by light, opening the way for applications by the pathologist and practi- 
tioner. The psychologist and the artist are interested chiefly in the sensation itself and 
all its concomitants rather than in its relation to the stimulus causing it, in abnormal 
reactions and illusions rather than in the normal reactions of the average retina under 
normal conditions. The first edition of Helmholtz was written from the standpoint of 
the physiologist and psychologist rather than of the physicist since the physical relation- 
ships had been but little studied. Arthur Kénig, pupil and colleague of Helmholtz gave 
his life to the study of the quantitative sensitometry of the retina, incorporating some 
of his earlier results in the second edition of Helmholtz which he brought out shortly 
after Helmholtz’s death. Kénig’s insight into the nature of the problems to be solved in 
this field was remarkable and his output prodigious but useful chiefly in paving the way 
for later work since he lacked the powerful tools of the modern physical laboratory. The 
editors of the third edition of Helmholtz went back to the first edition. With modern 
supplements by psychologists it forms a very readable introduction to the subject. 

Various theories of color vision are discussed at considerable length in this volume. 
More concise statements of the theories themselves would have been desirable, with a 
more definite marshalling of facts in evidence. The Ladd-Franklin theory is sketched all 
too briefly (pp. 265-7) by its author. Since it appears to be of decidedly more weight 
than any of the others, it might well have been given in more detail. It is essentially 
a photochemical theory involving a series of three reversible reactions. All or any of the 
reaction products affect the highly sensitive rods in but one way producing a gray or 
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white sensation. The first reaction product produced by faint illumination affects the 
cones like the rods, producing a gray sensation. Stronger illumination splits this into 
two other reaction products causing the sensations of yellow and blue. Finally one of 
these (that capable of causing the yellow sensation) breaks down into two others capable 
of exciting the sensations of red and green by their attack on the cones. She cites rosana- 
line carboxylate as a chemical capable of breaking down in a similar manner under the 
influence of light and heat. 

Granted the possibility of a substance possessing the photochemical properties 
postulated, the known physical facts are readily aligned. The varied phenomena of 
both light and dark adaptation and of rate of adaptation are simple pheomena of physi- 
cal chemistry as is also the proportionality between sensation and cube root of the 
stimulus (light intensity). The cones are all alike but in color blindness are lacking in 
one or more of their reactive properties toward certain breakdown products. The color 
of the visual purple is of no significance since it need only be light absorbing but not 
selectively absorbing. The more complex bits of evidence present less difficulty than the 
simple cases of monochromatic sensation. 

This translation of Helmholtz cannot fail to be stimulating to a wide variety of 
readers and produce in them a wide variety of reactions. The foreign spelling of diopter 
dioptry) and of labor (labour) and other words of like ending used in the translation 
will surprise some readers. Translating, editing, printing and binding are quite all that 
could be desired.—Pp. VIII+400. Published by the Optical Society of America and to 
be obtained from the Secretary, F. K. Richtmeyer, Cornell University. $7. 

P. G. NUTTING 


Wettervorhersage. By WALTER GeorGiI.—This book is No. XI of a series of pub- 
lications on natural science put out by Dr. Raphael Ed. Liesegang of Frankfort-on-the- 
Main. There are four chapters dealing, respectively, with the basis of weather fore- 
casting; the relation of weather to the distribution of atmospheric pressufe, and air 
currents; the travel of weather; and long-range forecasting. 

Most of the book is based on the fine theoretical work of V. Bjerknes and Exner, and 
is free from errors. However, it is not obvious what class of students would profit most 
by reading it. The beginner in meteorology could not understand it, while a veteran 
would find it but little more than an imperfect syllabus of unproved assertions. 

A great number of splendid contributions have been made to our knowledge of the 
air and its ways. Many of them are highly mathematical. Furthermore they are scattered 
through a multitude of journals and buried under a babel of tongues. Hence there is 
urgent need, not for pamphlets in which there is no room for explanations, but for 
monographs that sum up completely and understandably what is known of this difficult 
branch of physics or definite portions of it. Perhaps Dr. Georgii may write one or more 
of these monographs; his knowledge of the subject and the clearness of his style lead us 
at least to hope that he will.—Pp. 114, Theodore Steinkopff, Dresden and Leipzig, 1924. 
\I4.50, unbound. W. J. HUMPHREYS 
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The 131st regular meeting of the American Physical Society was held 
at Columbia University, New York City, on Friday and Saturday, 
kebruary 27 and 28, as a joint meeting with the Optical Society of 
America. The presiding officers were Dayton C. Miller, President of the 
American Physical Society and Herbert E. Ives, President of the Optical 
Society of America. 

Joint meetings of the two societies were held on Friday afternoon and 
Saturday morning. The program of the Friday afternoon session con- 
sisted of eight papers contributed by the Optical Society and five con- 
tributed by the Physical Society. The program of the Saturday morning 


o 
session consisted of papers contributed by the American Physical So- 


ciety and two lectures given at the invitation of the Optical Society, as 
follows: “The Properties of Photographic Materials in Relation to their 
Use in Physical Measurements” by C. E. K. Mees of the Eastman 
Kodak Company and ‘The Eye as a Light-Sensitive Instrument” by 
W. T. Bovie of Harvard University. 

At the regular meeting of the Council, held on February 27, 1925, 
four were transferred from Membership to Fellowship and twenty-three 
were clected to Membership. 7ransferred from Membership to Fellowship: 
J. A. Eldridge, A. Hund, C. B. Jolliffe and K. H. Kingdon. Elected to 
Membership: Mark Balderston, Joseph A. Becker, Francis Bitter, 
George Bernard Brook, Stanislas Chylinski, James E. Crites, Jr., Alfred 
H. Croup, N. W. Cummings, John E. Davis, Ted E. Foulke, Joseph E. 
Gross, Frederick V. Hunt, Thomas Hope Johnson, Lester C. Lewis, 
Helen A. Messenger, David ID. Porter, John F. Purdy, Meyer Salkover, 
I. Schrédinger, Helen Staff, Gerald L. Wendt, Marsh W. White and 
1. Fk. Zartman. 

The abstracts of the papers presented in the program of the Physical 
Society are given in the following pages. An Author Index will be found 
at the end. 

Harotp W. WEBB, Secretary. 
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1. Longitudinal asymmetry in the direction of ejection of photo-electrons by 
x-rays. O. K. DeFor, Washington University.—Photo-electrons were ejected from 
moist air in a Wilson cloud expansion apparatus by unpolarized x-rays from a Coolidge 
tube with a Mo target. The tube was operated at 30 kv peak and the rays were made 
approximately homogeneous of wave-length 0.71 A by filtering through a zirconium 
phosphate screen. The direction of ejection was determined by means of stereoscopic 
photographs taken at right angles to the beam of x-rays. Careful count showed that 
about 20 percent of the tracks were at 90° to the beam, while nearly all the tracks were 
within 45° of the plane normal to the beam, The experimentai value of the ratio of the 
forward to the backward photo-electrons was 2.89. Bubb (Phys. Rev. 23, 289) gives 
the theoretical value of the ratio as (A+.110./X,) /(A—.110/d,), where A is the wave- 
length of the x-rays and o is the critical K ionization wave-length of the atom from which 
the ejection takes place. The percentages of tracks of photo-electrons from N,O and A 
atoms are obtained from the lengths of the tracks. These give the average value of 
the theoretical ratios as 3.08. 


2. On the fluorescent x-radiation. S.K.ALLIson and WILLIAM Duane, Harvard 
University.—To measure critical absorption and emission wave-lengths under the same 
experimental conditions, especially for those chemical elements which are not easily used 
as targets in x-ray tubes, the authors have been examining the fluorescent radiation with 
an ionization spectrometer. The third order reflection from a calcite crystal produces 
a much more than complete separation of the Ka; and Ka; lines and the wave-lengths 
can be determined with an accuracy limited only by the precision with which the 
angles can be read on the spectrometer. Curves for the silver K series spectrum give 
the following wave-lengths: K(abs.) =.48491A; Ka, =.55834A; Kaz=.56266A. The 
critical voltage that must be applied to the x-ray tube and, therefore, the minimum 
frequency in the primary beam required to produce the fluorescent radiation has been 
determined. This is such that Ve =hv where v is the critical absorption frequency of the 
secondary radiator. The critical voltage for the Ka doublet, the Ks doublet and the 
total fluorescent radiation is the same. The shapes of the critical voltage curves in- 
dicate that the critical values are less accurately measurable than for the short wave- 
length limit of the primary spectrum and, therefore, do not furnish as accurate a 
method of measuring 4. 


3. An experimental determination of the true absorption of hard x-rays in water. 
HuGo Fricke, Orro GLASSER and KaArL RortustTein, Cleveland Clinic Foundation.-; 
The coefficient of true mass absorption of a substance is determined by the following 
equation: w=(1—a)/(1 +a) J Idx, in which a expresses that fraction of the intensity of 


an infinitely wide bundle of parallel x-rays, which is reflected from a plane surface of the 
substance and J, is the ratio of the x-ray intensity x cm under the surface to the intensity 
qt the surface. The x-ray intensity was measured by an ionization chamber of graphite 
fa volume of lcc. For nearly homogeneous x-rays of the effective wave-length \eg = .14A 
‘e find as preliminary values a =.57 and f” I,dx = 10.7, w= .0256 (accuracy of u is about 


10 per cent). A value of « =.0279 is obtained as the sum of a photo-electric absorption 
equal to .0064 and 4 scattered absorption equal to .0215, in accordance with Compton's 
theory. 


4. Crystal structure of chromium and titanium. R. A. PATTERSON, Rensselaer 
Polytechnic Institute.—Precision measurements of the crystal structure of these two 
metals in very pure form have been made. For chromium (99.8 percent) a body centered 
cubic structure, a9 = 2.873 A, is found; for titanium (99.9 percent), an hexagonal close- 
packed structure, @9 =2.951 A; axial ratio c=1.590. These structures are of the type 
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previously assigned by A. W. Hull, but differ slightly in numerical values. They were 
measured in comparison with copper, using Davey's value of ao =3.598 A for pure 
copper. 


5. The crystal structure of cold-worked and burnished metals. J.T. NokTON and 
R. J. ANDERSON, Massachusetts Institute of Technology.—Examination of the surfaces 
of cold-workedand heavily polished metals by means of the x-ray spectrograph indicates 
that the surfaces have a definite crystalline structure and there is no evidence of an 
amorphous state. Severely cold-worked metals, reduced as much as 98 percent in area, as 
well as polished surfaces of anncaled metal and of large single metal crystals give diffrac- 
tion patterns which are typical of fine grained material. In the case of polished surfaces, 
the typical pattern may be destroyed by etching, and the pattern which is characteristic 
of the body of the metal results. The size of the crystal grain is determined in a general 
way from the appearance of the lines of the diffraction pattern. The conclusion is drawn, 
on the basis of x-ray evidence, that metals are fragmented on cold-work and polishing, 
and are not amorphized. 


6. Bohr’s atomic model from the standpoint of general relativity. MM. SANDOVAL 
VALLARTA, Massachusetts Institute of Technology.—Examining Lenard’s objections to 
Sommerfeld's theory of fine structure, it is found that neither the restricted nor the 
general theory stand in a unique causal relationship to the theory of fine structure, 
hence that one of the objections holds. Using Nordstrém’s fundamental form for a 
static sphero-symmetrical material field and Weyl-Eddington's equation of electronic 
motion, it is shown, first, completing Jaffé, that in the hydrogen atom and all hydrogenic 
ions (1) the curvature of the material field of the nucleus almost vanishes, (2) its field 
is very nearly static, (3) it is justified to treat such*atom and ions as a relativistic one- 
body problem; second, that in such cases the general equation of the electronic orbit 


reduces to Sommerfeld’s equation. In an attempt to bring the quantum theory into 
relativity, following Mecke’s, some of the former’s fundamental principles are brought 
into the latter, leading to (1) an explanation of the existence of unmechanical orbits 
in atoms of more than one electron, (2) a unification of Bohr's frequency postulate and 
Correspondence Principle—-whereas the Sommerfeld-Wilson conditions require the 
introduction of privileged coordinates. The fundamental meaning of the relativistic 
two-body problem in connection with the theory of stationary orbits is brought out. 


7. The structure of the red lithium line, \6708. J. B. GREEN, University of Wis- 
consin.— The lithium line \ 6708 was studied under varying conditions of pressure and 
current in a vacuum arc, and the pattern was found to be a simple doublet for very 
low vapor densities. As the vapor density increased, each of the components split into 
two, the middle components gradually merging, the distance between dark centers 
being equal to the simple doublet separation. McLennan and Ainslie’s wide quadruplet 
pattern must be attributed to complex electrical effects. 


8. The arc spectra of silver and copper. A. G. SHenstone, University of Toronto. 
The ultra-violet spectra from low-voltage arcs in silver and in copper vapor have been 
photographed. No lines, except the first two pairs of the principal series, were obtained 
in silver. With copper, thirty-nine lines were photographed. Of these, ten were calculated 
to be due to terms combining with 1s. Absorption experiments confirmed this calcula- 
tion. The terms obtained combine either with md2, called x by Fowler, or with md, 
and with md), which has a value 51105.5. The inner quantum numbers obtained from 
these combinations indicate two pairs of inverted p terms with wide separations, two 
pairs of p terms in the normal order, and two apparently single terms of inner quantum 
number 2. Seven further possible terms have been calculated which combine with s 
terms; and five which combine with md, and md, only. 
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9. Sparking potentials of helium, neon and argon at reduced pressures between 
plane parallel electrodes of pure aluminium and of potassium-coated aluminium. 
C. C. VAN Vooruis, Princeton University. (Work done in the Westinghouse Lamp 
Company Research Laboratory.)—The sparking potentials of helium and neon at 
pressures between 3 and 25 mm and of argon between 1 and 15 mm were determined for 
electrode separations of from 2 to 5 mm. With pure aluminium electrodes Paschen’s 
Law holds for pressures greater than about 9, 12 and 3 mm for helium, neon and argon, 
respectively (values will be given for the three gases in this order throughout); and for 
the minimum striking potentials the values of pd (pressure in mm times electrode 
separation in mm) are about 35, 38 and 12. With potassium coated electrodes the 
pressures must be not less than about 6, 6.5 and 1.5 mm for Paschen’s Law to be valid 
and the values of pd for the minimum striking potentials are about 24, 20 and 5.3. 
For pressures above the limiting values, and values of pd above those for the minimum 
sparking potentials, the equations Vqge=127+-.57 pd, Vwe=149+.5 pd and V4 =173+ 
1.6 pd give fairly accurately the sparking potentials between aluminium electrodes, and 
Vie =70+4+.31 pd, Vy, =68+.33 pd and V4 =58+4+-2.3 pd those between potassium-coated 
electrodes. 


10. Production of negative ions by electron collisions with molecules. F. L. Mou- 
LER, Bureau of Standards.—A beam of electrons is projected along the axis of a cylindri- 
cal electrode in a nearly equipotential region with a magnetic field of about 100 gauss 
parallel to it. This prevents scattered electrons reaching the cylinder so that when it is 
slightly positive or negative, only negative or positive ions produced by electron colli- 
sion¢ reach it. Measurements in Hg, HgCl:, I; and HCI show in all cases with low 
pressure (about .001 mm) and small electron current no negative ion current comparable 
with the positive current above the ionization potential. With higher pressures the 
negative currents increase to the magnitude of the positive currents and there is, except 


with mercury, a measurable current for all electron velocities. With increasing speed 
the ion current first drops and then increases at certain critical voltages which are 
presumably potentials of inelastic collision. The results indicate that polar molecules 
are not ionized into positive and negative ions by electron impact and that only slow 
moving electrons combine with molecules to form negative ions. 


11. Collisions of the second kind in monatomic iodine. H. D. Smytu, Princeton 
University.—Several experiments have furnished strong indirect evidence for the 
existence of the ‘‘collisions of the second kind” first suggested by Klein and Rosseland. 
There appears a possibility of a somewhat more direct observation of the phenomenon in 
monatomic iodine. A neutral iodine atom has an electron affinity of 3.5 volts. That is, 
during the formation of a negative ion, 3.5 volts energy must be released and the binding 
of the extra electron may proceed through various stages of excitation like those in the 
familiar recombination process of an electron and positive ion. If, therefore, a second free 
electron approaches such a system a collision of the second kind may occur causing the 
electron to fly off with speed not greater than 3.5 volts. The advantage of such a system 
for an experimental test of the phenomenon is that no electrons of speeds greater than 
a volt or two need be present originally. Preliminary results of experiments done in a 
Pyrex tube with three electrodes and at about 600°C indicate that high speed electrons 
are produced, apparently in two groups, one corresponding to a gain in velocity of about 
three volts and another of about five volts. The experiments will be continued. 


12. Critical potentials in secondary electron emission from iron. RoBERT L. Petry, 
Princeton University.—The secondary electron emission from an iron target bombarded 
by electrons from a tungsten filament was measured as a function of the bombarding 
voltage. Both currents were measured by a null method of high precision and elaborate 
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precautions were taken to avoid disturbing factors. The target was cleaned by heating 
to a red heat. The secondary emission rose to a maximum at about 410 volts and fell 
gradually to 74 per cent of this maximum value at 1500 vo!ts. Critical potentials were 
located at 6.7, 9.0, 13.85, 26, 34, 39, 42.8, 48.3, 54.6, 66.7, 80.5, 92.7, 740, $10, and 1010 
volts and several others are being investigated. There is a close agreement with critical 
potentials for soft x-rays at the lower voltages but above about fifty volts the agreement 
is less satisfactory. The interpretation of the curves is discussed. 


13. The photo-electric effec: in potassium vapor. ERNEST LAWRENCE, Yale Uni- 
versity.—The results of an experimental investigation of the photo-electric effect in 
potassium vapor presented at the Washington meeting have been confirmed by recent 
experiments. Of outstanding interest perhaps is the evidence of a photo-electric threshold 
at 2610 A, a value in distinct disagreement with the critical frequency 2856 A which the 
Bohr theory suggests as the threshold. Ionization by ultra-threshold frequencies per 
unit intensity of light increases with the frequency. The present results are in complete 
accord with the former ones and appear to be independent of such experimental condi- 
tions as the density of the vapor, and the fields between the electrodes. 


14. Photo-electric thresholds and the quantum theory. RicHArp HAMeER, Univer- 
sity of Pittsburg.—A comparison between the energy values of the known photo-electr'c 
thresholds v and the critical potentials based on spectroscopic data indicate that tle 
former are intrinsic properties of the elements. In group 1, the values of v or Li, Na, 
and K appear directly connected to the critical potentials, approximating the transition 
energies for 1s—2p),2. The values of vo for Cu,gAg, and Au equal the ionizing energy 
for the 2p; or 2p, orbits. Al and TI (group 3) both give v» within about 0.30 volt of the 
transition 2p.— 2s. The ve of Pb of group 4 seems to correspond to the transition 2p,—2s. 
Bi of group 5 gives a v, corresponding to the ionizing energy for the observed resonance 


level or to its transition energy from the normal state. The value of v» for O of group 6 
taken from the vt» of CuO corresponds closely to the ionizing energy for the 2s orbit, 
apparently true also for S. The 2 and 2s transition for Se should be about 8.08 volts. 


15. The distribution of initial velocities among thermionic electrons. L. H. Ger- 
MER, Bell Telephone Laboratories, Inc.—The initial distribution of velocity components 
among thermionic electrons from tungsten has been carefully investigated. The method 
was similar to that devised by Schottky in that measurements were made of the current 
to a cylindrical electrode from a coaxial tungsten filament. Various refinements in the 
experimental technique have made measurements possible over a very wide range of 
temperatures and voltages. It has been found that the results are entirely in agreement 
with the assumption that thermionic electrons are emitted from tungsten with com- 
ponents of velocity distributed according to Maxwell's law for an electron atmosphere 
in thermal equilibrium with the hot filament. The temperature range investigated 
extended from 1440°K to 2475°K, and at one temperature the assuined law was verified 
to a potential corresponding to an electron speed possessed by only one electron in 10" 
emitted electrons. Later measurements in this laboratory have shown that the same 
law holds for the thermionic electrons emitted from oxide-coated platinum filaments. 


16. The influence of an electrostatic charge upon metallic conductivity. HENRY A. 
PERKINS, Trinity College —Observations on the effect of a static charge on the con- 
ductivity of sputtered gold films was described in the August issue of the Journal de 
Physique, 1923. The result was negative, but a graphite film gave positive results indi- 
cating a decrease of conductivity with a negative and an increase with a positive charge. 
These experiments were continued last spring using a very thin sputtered film of bis- 
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muth. When charged negatively to 600 volts it showed an increase in resistance of about 
020 percent, and with a positive charge at the same potential there was also an increase, 
but only about .017 percent. This behavior was fairly consistent under varying condi- 
tions, seeming to indicate the presence of two phenomena, one of them reversible. The 
irreversible increase of resistance may be due to something analogous to the well known 
effect of magnetism on bismuth, but caused, in this case, by a transverse deflection of the 
free electrons; while the reversible change seems similar to that noted above in the case 
of graphite, but much smaller. An alternating field produced an increased resistance 
intermediate between the two other values cited. 


17. The electrical resistance of metals as a function of pressure. A. T. WATER- 
MAN, Yale University.—It is assumed that the change in volume of a conductor under 
pressure alters the concentration of free electrons, as determined by the laws of chemical 
equilibrium, by the effect of the variation in volume on the mean energy required to 
change a bound into a free electron. Using the author's expression for the electrical 
resistance, R=cT*e’/?, where b is proportional to the ionization energy mentioned, the 
changes Ad are calculated which are necessary to account for the observed variation of 
resistance with pressure for a given metal, using Bridgman’s data. A linear relation is 
then found between Ad and the fractional change in volume AV/ Vo, obtained from 
Bridgman’s compressibility data. Thus the observed variation of resistance with pres- 
sure may be explained on the condition that the change in mean ionization energy of an 
electron is proportional to the change in atomic volume. This linear relation is quite 
exact for all except the highly compressible metals. Plotting db/dV, against atomic num- 
bers, a linear relation was found, for elements in the same column of the periodic table, 
between the rate of change of electronic ionization energy with volume and the atomic 
number. This was verified for the groups Li, Na, K; Cu, Ag, Au; Mo, W, U. Lack of 
complete data for more than two of each other similar group of related elements pre- 
vented further confirmation of this relation. 


18. A method for obtaining a linear time axis for use with a cathode ray oscillo- 
graph. Austin BalLey, Department of Development and Research, American 
Telephone and Telegraph Company.—One way to obtain a voltage for deflecting the 
spot of a cathode ray tube linearly with time, is to charge a condenser repeatedly through 
some device which will maintain the charging current constant, since, from the equation 
for charging a condenser, E=Ir+(1/O)S dt, we obtain r=Ry—t/C. Various arrange- 
ments for doing this have been proposed notably by W. A. Knoop and J. B. Johnson of 
the Bell Telephone Laboratories, Inc., and by N.V. Kipping of the International Western 
Electric Company. The author's method is to connect a battery, condenser and saturated 
thermionic rectifier in series, the condenser being shunted with a neon tube. It has been 
shown by S. O. Pearson and H.St.G. Anson (Proc. Phys. Soc. 34, 204, 1922) that the volt- 
age at which sucha neon tube breaks over is very definite, and that it continues to carry 
current until the voltage across it has fallen below another very definite voltage limit, 
where the tube is extinguished. The condenser is hence charged linearly with time through 
the constant current saturated thermionic rectifier and then discharged very quickly 
through the neon tube. By connecting one pair of deflecting plates of the cathode ray 
tube between the filament and plate of the thermionic rectifier, a deflection of the spot 
in the cathode ray tube occurs linearly with time and returns very rapidly to its initial 
position, from which point the cycle is repeated at a constant frequency. 


19. Modifications of Lichtenberg figures by suspended electrodes. HaAro.p P. 
Knauss, New York University.—When a conductor supported at a height of about 5mm 
above a photographic plate is suddenly raised to a high potential, a design is produced 
which differs from the ordinary Lichtenberg figure caused by an electrode in contact 
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with the plate. When the electrode is positive, the design is made up of many small 
spots with radiating arms; when negative, a circle of spots appears with fine lines 
radiating from the circle. A series of exposures was made with varying distances, showing 
that the characteristics changed gradually from the ordinary figures to the modified 
figures. The electrode produced effects at greater distances when positive than when 
negative. Various other modifications in the figures caused by changing the relative 
position of the plates and the electrodes were studied 


20. Further measurements of very small intervals of time. PAUL HEYMANs and 
NATHANIEL I]. FRANK, Massachusetts Institute of Technology.—-The authors presented 
at the previous mecting a description of their method for measuring intervals of time 
from 9X10°% to 3107" second. Having since extended it to the measurement of still 
shorter intervals, they discuss in this paper a series of measurements made for intervals 
from +107 to 6.6107" second. On the photograph registering the shortest interval 
for a series of measurements the shift of the meeting line of the two Lichtenberg figures 
from the half-way position between the electrodes was .044 mm, with a mean square 
error of +.005 mm and a probable error of +.003 mm. The introduction of 2 cm of wire 
in the lead to the “advanced” electrode reduced the shift of the meeting line from the 
half-way position to .003 mm with a mean square error of +.011 mm and a probable 
error of + .007 mm, indicating return of the meeting line to the half-way position and 
giving for the interval of time recorded on the previous plate the value 6.6 X 10°" second. 
The necessity for precaution in selecting photographic plates of uniform thickness has 


emphasized itself in the course of those measurements. 


» 

21. Some remarks on the diamagnetism of gases at low pressures. |’. DEBYE 
(Ziirich), Massachusetts Institute of Technology (introduced by Paul Heymans.)— 
According to the experiments of Glaser, the diamagnetic susceptibility of some gases is 
proportional to the pressure only for small and large pressures, the coefficient of pro- 
portionality dropping in the ratio 3:1 in the domain of transition. A possible explanation 
is put forward in connection with the viewpoint that for small pressures we may have a 


quantum-effect of orientation, disturbed at higher pressures by the action of molecular 
forces. A rough estimate of the order of magnitude of the forces which may act on the 
molecules seems to give indeed a quantitative support of the idea, in so far as it leads to 


an approximate calculation of the pressure in the transition domain. Some remarks are 
added regarding a possible analogous behavior of the dielectric susceptibility. 


22. Onthe theory of diamagnetism. S. J]. Barnett, The Carnegie Institution of 
Washington and the California Institute of Technology.—The Weber-Langevin theory 
(1) and that of Pauli (2) based on Larmor precession are first discussed. The intensity 
of the magnetic field will be denoted by /7. (1) gives a band for the Zeeman effect ; (2) gives 
sharp lines as is known. The susceptibilities, A; and Kg, are different except when the 
orbits are normal to J/. When they are parallel to 17, K; vanishes. The ratio of suscepti- 
bility Ay for random orientation of the orbits to that (Ap) for similar orientation (axes 
parallel to 77) is 1.3 by (1), and 2/3 in the simplest case by (2). In the general case of 
(2), Kr Kp (where Kp corresponds to orientation with a principal axis A parallel to H) 
is 2/3Xtotal ‘“quadrupolmoment"/quadrupolmoment normal to A. H is shown to 
orient diamagnetic atoms, which tend to set with the extraneous flux through the orbits 
a minimum. The general law is similar to that developed by Langevin for magnetic 
double-refraction, alignment approaching completeness and susceptibility a minimum 
asymptotically as // increases and temperature decreases. This cannot explain the 
recent results of Glaser which, it is suggested, may possibly be due to a quantization 
resulting from the weak magnetic moment produced according to (1) or (2) in an intense 
field. New ways of approaching Larmor precession are described. 
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23. The two stage transformation of magnetite into hematite. Lars A. WELO, and 
OsKAR BaupiscH, The Rockefeller Institute for Medical Research.—It has been found 
that the powdered ferro-ferric oxide FesO, (magnetite) can be completely oxidized in 
a stream of oxygen to Fe,O; (hematite) at a low temperature of 220°C and may yet 
retain its maximum permeability of 2.93. Then, if this ferric oxide is subsequently 
heated in a neutral atmosphere of, say, nitrogen at 550°C the maximum permeability 
falls to 1.05. The practically total loss of ferro-magnetism is therefore purely a tempera- 
ture effect. But the necessary condition is that the ferrous iron in FesO,4 must first be 
oxidized to the ferric form. If FesO, is not first oxidized it may be heated in the absence 
of oxygen to at least 800°C without permanent loss of permeability. The crystal structure 
also changed on the second stage; that is, the oxide Fe,O; had the same structure as 
Fe,O, and did not assume the structure usually found for Fe,O; until the temperature of 
550°C had been reached. It is concluded that an oxide of the composition FeO, can 
have two structures, one being that of Fe;O,, provided it has never been heated to 
550°C or more. Three independent tests have been made to meet the possible objection 
that the first stage results only in surface oxidation and that the cores of the particles 
remain Fe;O, until a higher temperature is reached. 


24. On the aberration of light. LriGH Pace, Yale University.—Writers on rela- 
tivity treat the problem of annual aberration by comparing the inertial system of the 
earth with that of the sun. As the phenomenon is due entirely to the change in 
velocity of the observer, the introduction of the system of the sun is unnecessary and 
only confuses the issue. The following expression for the aberration a—a’ is deduced 
from the relativity theory without reference to the system of the sun: sin 4(a—a’) = 
(1/8){1—(1—p*)4] sin 4(a+e’). In this formula 8 is the ratio of the magnitude of the 
change in the velocity of the earth to the speed of light. The expression is symmetrical 
in the two observed positions of the star, a and a’, 


25. The refractive index of an excited gas. W. H. McCurpy, Princeton University. 
According to the quantum theory of dispersion advanced by Born and Kramers, 
anomalous dispersion should occur near both emission and absorption lines of an excited 
gas. To test this, a He discharge tube has been placed in one arm of an interferometer. 
As a source of light an iron are resolved by means of a monochromatic illuminator has 
been used. When light of frequency near that of a He line was incident on the inter- 
ferometer, it was possible to determine the change in optical path by the fringe shift on 
striking the arc, and thus determine the contribution to the refractive index of atoms in 
certain states of excitation. Lines 5047 and 5016 showed a fringe shift of from 1/4 to 1/3 
of a fringe when light of about 2 A separation from the He lines was used. Lines 4471, 
4120, 4143 are being studied photographically. When light of frequency of large separa- 
tion from any He line is used no shift can be observed on striking the arc. 


26. Arelation between the critical potentials and the indices of refraction of elements 
and compounds. BERGEN Davis, Columbia University —Recent experiments of Davis 
and von Nardroff (Proc. Nat Acad. Sci., 10, 60, 9, 1924) show that the Lorentz dispersion 
formula represents the refraction of x-rays very well. The frequencies used were the 
critical x-ray frequencies. This formula is now applied to refraction of visible light 
(45893) in elements and compounds. The critical frequencies are calculated from critical 
potentials. For example, the mean critical potential of hydrogen is 16.4 volts (16 and 
16.9); this gives the index of refraction of hydrogen very accurately. The same is true 
for critical potentials and indices for zinc, cadmium and mercury. The same critical 
frequencies that give proper indices for nitrogen, oxygen, sulphur, chlorine, bromine and 
iodine also give the proper indices for their compounds. The energy of the heat of forma- 
tion of compounds is added to that of the valence electrons. For example for water the 
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index calculated without using the heat of formation is m=1.372. Adding this heat 
energy to that of the valence electrons of the hydrogen, gives the value 1.338 for the 
index. The observed index is 1.333. By interpolation between lithium and oxygen, a 
critical potential of carbon (all in the same series) may be inferred, which gives the 
proper index for carbon compounds. Including the heat of formation of diamond, the 
critical potential of carbon also g'ves a value close to the observed index. 


27. Optical constants of tungsten at incandescence and at room temperature. 
A. G. WortuinGc, Nela Research Laboratory.—Two broad, polished, well-seasoned 
tungsten ribbons mounted as lamp filaments in lamp bulbs were used for this test. The 
method was photometric, all measurements being made with a disappearing filament 
pyrometer sighted through a double image prism at the filaments being studied. With a 
filament at incandescence, the polarized brightness components B, and By, for normal 
emission and for large emission angles (75° to 83°) were determined. Using previously 
measured spectral emissivities, the reflectivities 7, and r, at these large emission angles 
were then obtained. The angle for which 7,/r, is a minimum was identified with the 
angle of principal incidence; and values for n, the refractive index, and nk, the extinction 
coefficient, were finally computed. With the filament at room temperature, r, and rp were 
measured directly. A single very consistent set at room temperature yielded (A = 0.665) 
n=3.82 and nk =3.05; the average of four sets at 1900°K yielded mn =3.85 and nk =3.43. 
While the uncertainties are such as to make it doubtful whether or not n varies, there is 
certainty about the variation in nk with temperature. 


28. Radial astigmatism in light reflected at an angle from spherical mirrors. 
R. J. Prersor, Westinghouse Elec. and Mfg. Co.—Using the zone method, Silvanus 
Thompson has checked experimentally empirical calculations for coma in the complex 
case for lenses. For coma due to light reflected at an angle from a spherical concave 
mirror it is found possible to work out theoretical relations. These equations show that: 
(1) The distance from the mirror to the circle of least confusion is independent of the 
angle of incidence. (2) For parallel light this distance is the principal focal length of the 
mirror. (3) The ratio in the case of parallel light of the diameter of the circle of least 
confusion to the diameter of the mirror is equal to (1—cos 6). (4) For parallel light the 
ratio of the meridian focal length to the sagitta focal length is equal to sec 76. 


29. The effect of x-rays in producing and modifying thermo-luminescence. FRANCES 
G. Wick, Vassar College.—Exposure to x-rays produces marked changes in the thermo- 
luminescence of many substances and gives this property to some inactive materials. 
Thermo-luminescence due to x-rays appears at a lower temperature and usually has a 
higher intensity than that which the same substances show before exposure. In some 
cases the color is different from that in the natural specimen and comes up as a distinct 
flash at a lower temperature. Several fluorites and calcites were studied in detail. Com- 
parison was made of the rate of decay at constant temperature of the thermo-lumines- 
cence of the natural material with that of the same substance after exposure to x-rays 
and also with that of the same substance heated to render it inactive before exposure to 
x-rays. Decay curves were taken after exposure for different lengths of time and at 
various temperatures. The curves are, in general, similar to those characteristic of 
phosphorescent materials. The form is that of the ‘‘persistent type’ at comparatively 
low temperatures and gradually changes over to the ‘‘vanishing type” as the temperature 
is raised. Observations were made upon specimens which had rested for various intervals 
of time after exposure and upon specimens exposed at the temperature of liquid air. 


30. Vapor pressure of mercury at low temperatures. F. E. PotnpExTER, Washing- 
ton University.—The vapor pressure of mercury was measured with a Buckley ionization 
gauge at intervals of 7° to 10° from 20°C to —65°C. Observations on different days 
agreed to less than one percent down to —35°C. The agreement was not so good from 





THE AMERICAN PHYSICAL SOCIETY 589 


—48° to —65° since the positive ion current corresponding to the vapor pressure at 
these temperatures gave only a few mm deflection. The pressure at —65°C was of the 
order of 10-* mm. A platinum resistance thermometer of approximately 25 ohms resist- 
ance and calibrated at the steam, ice, and oxygen points was used to measure the 
temperatures. 


31. Properties of thorium metal. H.C. ReENTSCHLER and J. W. MARDEN, Westing- 
house Lamp Co., Bloomfield, N. J.—Coherent thorium of high degree of purity has been 
prepared. The metal is workable and pliable and can be rolled, drawn and worked cold. 
Its melting point is 2115° K +30°. The volatility is very low even at or near the tempera- 
ture at which it melts. It has a density of 11.3 to 11.7, depending on the amount of 
working to which the metal has been subjected. The average coefficient of linear expan- 
sion between zero and 100°C is 12.3 10~*. Cold worked wire has a tensile strength of 
about 80,000 Ib. per square inch and a resistivity at room temperature of about 18 x 10~* 
ohm-cm, with an average temperature coefficient of resistance between room temperature 
and its melting point of about .0021. 


32. Direction finding and the Heaviside layer. RK. C. CoLWELL, West Virginia 
University.— During the day wireless direction finders show only a very small error but 
at night they are extremely erratic. If the received signal by day consists only of the 
wave which travels over the surface of the earth while at night an additional wave is 
received by reflection from the Heaviside layer, it can be shown that an error in direction 
is given by tan B=(Ip—Ip cos 6)/(JR sin a cos a sin 6), where (90—B) is the angle of 
error and @ the angle through which the plane of polarization of the reflected beam is 
rotated; a is the angle that the reflected beam makes with the vertical. Close to the 
antenna a is small, therefore the error of direction is small for short distances even at 
night. At very great distances a approaches 90° so that cos a is small—hence the direc- 
tional errors tend to disappear at very great distances (2000 to 3000 miles). 


33. The Heaviside layer and night reception. R. C. Co_weLt, West Virginia 
University.—It is assumed that the Austin-Cohen formula gives correct quantitative 
results for wireless reception by day and that the increased signal strength at night is 
caused by multiple reflections from the Heaviside layer. With these assumptions an 
equation for the reception of signals is developed in the form: Jp = [377 Iqhglt,/RX| 
le soos VX (l1—e~™ wl ) (o+oe*+o'+... )] where o depends upon the reflective 
power of the Heaviside layer. As the reflective power of the Heaviside layer changes, 
the signal strength will vary but always between the limits 377 (/,h.h,/RA) and 
377 (Ishghp/R) = 0082V® | 


34. The dependence of radio fading on modulation. (:. Breit, Department of 
Terrestrial Magnetism, Carnegie Institution of Washington.—The phenomena of radio 
fading are presumably due to the interference of waves produced by reflections from the 
Heaviside layer. It is of interest to note that by a simple calculation one can show that 
the interference phenomena produced depend on the modulation of the signals and that, 
therefore, data on radio fading cannot be used for inferences as to the layer before the 
effect of the modulation is taken into account. The reason for this effect is the compara- 
tively high resolving power of the interferometer formed by the layer and the earth 
which superposes the ‘‘dark” and “‘bright’’ bands of the wave-lengths in the emitted 
band. This fact has been recently observed by G. W. Pickard and may give a way of 
estimating the height of the layer. 


35. Motion-pictures of shadow bands. W.G. Capy, Wesleyan University.— The 
following method was suggested by Dr. J]. A. Anderson and carried out by the writer 
at the time of the solar eclipse on January 24. A ground glass screen 60 X80 inches was 
mounted between the camera and the sun, about 14 ft from the camera, and the latter 
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was focused on the screen. Unfortunately the shadow bands were very indistinct in 


Middletown. The film, which was started two minutes before totality, shows a quivering 
fine-grained, mottled pattern of light and shade, becoming coarser and more ragged 
as totality approaches. No distinct bands can be detected. Similar results were obtained 


after totality. A standard film was used, run at the usual rate of about one foot per 


second. 


36. Multiple resonance points in oscillating systems. PAuL HEYMANs, W. H. 
DEHLINGER and M. S. VALLARTA, Massachusetts Institute of Technology.—Heymans 
and Kimball found, in their study of dynamical stresses by the photo-elastic method, 
evidence of multiple resonance caused by excitations having frequencies which are nearly 
integral multiples of the natural fundamental frequency. H. Fletcher evidenced the 
same effect when he found that the elimination of the fundamental and several overtones 
does not alter the pitch of a musical tone. The authors of this paper present an analysis 
of these resonance phenomena based on the solution of the dynamic equation of motion 
¥+ay+Znpny”" =Ae™ showing that multiple resonance points exist provided the 
elastic connections are such as to satisfy the relation pp», = m*wo?+a?/4, where m=1, 2, 3 
. .. and wo is the fundamental natural frequency. The kinetic equation of free motion 
is then y= ,,P,,e™**- 59 and resonance is obtained for all frequencies vy = mw which 
are integral multiples of the fundamental frequency. The amplitudes at the resonance 
points for forced oscillation vary with the harmonic order of the applied frequency. 





For small 
expressed by Qr=Qowom/a+3Qo/4. 
QO = Qok?(1/s?—cot 2/22) where 2? 


values of a/mwo the amplitudes at 
For all other points the amplitude is given by 


nr? = k?—tiak¥o and k is v ‘wo. 


resonance follow a linear law, 
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